Formation of low-mass x-ray binaries by Kalogera, Vassiliki
FORMATION OF LOW-MASS X-RAY BINARIES 
BY 
VASSILIKI KALOGERA 
Ptychio, Aristotle University of Thessaloniki, 1992 
M.S., University of Illinois at Urbana-Champaign, 1994 
THESIS 
Submitted in partial fullfilment of the requirements 
for the degree of Doctor of Philosophy in Astronomy 
in the Graduate College of the 
University of Illinois at Urbana-Champaign, 1997 
Urbana, Illinois 
UNKVER§RTY OF KiLJJliNOKS A 1r UMANA-<CJHAMJFAKGN 
GRADUATE COLLEGE DEPA RT MENTAL FORMAT A PPR OVAL 
THIS IS TO CERTIFY THAT THE FORMAT AND QUALITY OF PRESENTATION OF THE THESIS 
SUBMITIED BY Vassi Uki Kalogera ASONEOFTHE 
REQUIREMENTS FOR THE DEGREE OF __ D_oc_t_o_r_of_P_h_i_lo_s_o_p_hY _________ _ 
IS ACCEPTABLE TO THE Department of Astronomy 
Full Name of Department, Division or Un.it 
!Jlav /C/, /tf 17 
date of Appr<JVal 
~d!A~ 
Departmental Representative 
FORMATION OF LOW-MASS X-RAY BINARIES 
Vassiliki Kalogera, Ph. D. 
Department of Astronomy 
University of Illinois at Urbana-Champaign, 1997 
Ronald F. Webbink, Advisor 
Low-mass X-ray binaries (LMXBs) are bright X-ray sources that consist of a 
compact object (neutron star or black hole) accreting from a low-mass companion that 
fills its Roche lobe and tidally loses mass. A study of the origin and properties of such 
systems formed in the Galactic disk is presented, involving the statistical modeling of 
the evolution of a primordial ensemble of binaries through evolutionary stages until 
the onset of the X-ray phase. For the completion of this study, understanding of 
the effects of supernova explosions on orbital dynamics, as well as knowledge of the 
binary characteristics of nascent LMXBs are required. 
Observational evidence exists in support of the idea that kicks are imparted to 
neutron stars at their birth. In Chapter 2, we develop an analytical method for study-
ing the effect of asymmetric supernova explosions on the orbital dynamics of a binary 
population with initially circular orbits. We derive expressions for the distribution of 
systems over post-SN orbital separations, eccentricities, and center-of-mass velocities, 
and study their dependence on the kick and binary characteristics. This analysis is a 
necessary tool for population studies of binaries that experience supernova explosions. 
In Chapter 3, we study the binary properties of nascent LMXBs and find the donor 
masses and orbital separations to be constrained by the requirement for stability of 
mass transfer and for the age of the systems to be shorter than the age of the Galaxy. 
We also show that super-Eddington mass transfer allows relatively massive donors 
to remain in hydrostatic and thermal equilibrium, and that observed long-period 
LMXBs with evolved donors as well as ultra-short-period LMXBs with hydrogen 
deficient donors must have survived a phase of super-Eddington mass transfer. 
Formation of LMXBs has been suggested to occur when primordial binaries with 
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extreme mass ratios evolve through a common envelope phase and the exposed helium 
core subsequently explodes as a supernova. In Chapter 4, we identify the complete 
set of structural and evolutionary constraints on the properties of LMXB progenitors 
and we show that (i) their orbital separations are restricted to a narrow range, and (ii) 
short-period LMXBs are formed only if kicks are imparted to neutron stars at birth. 
We perform population synthesis calculations using a semi-analytical method which 
offers major advantages in terms of statistical accuracy and computational efficiency. 
Using the results of an extensive parameter study we show that the predicted birth 
rates essentially reflect the choice of the - mostly unknown - characteristics of the 
primordial binary population, while the properties of nascent LMXBs are primarily 
determined by stability and age constraints and the efficiency of angular momentum 
losses. The random natal kicks imparted to neutron stars weaken the dependence of 
the results on pre-SN evolution and prevent us from distinguishing between formation 
paths that involve a common-envelope phase. 
In light of the importance of neutron stars kicks in LMXB formation, we propose 
a new evolutionary path, the direct-supernova mechanism, which does not invoke 
common-envelope evolution. Instead, the required small post-SN binary orbits are 
achieved because of a kick velocity of appropriate magnitude and direction relative to 
the pre-SN orbital velocity. The efficiency of this new mechanism strongly depends on 
the average kick magnitude, and can account for one third of the LMXB population 
for kicks of,...., lOOkms-1. ·More importantly, the direct-supernova path provides the 
only natural way for the formation of binary millisecond pulsars in very long period 
orbits. 
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Chapter 1 
Introduction 
1.1 Interacting Binaries 
A large fraction, about two thirds, of the stars in the Galaxy are members of binary 
or multiple systems (Garmany, Conti, & Massey 1980; Abt 1983; Hogeveen 1991). 
Most of these binaries have such long orbital periods that the stellar members evolve 
just as single stars do. However, in close binary systems, the gravitational field 
sets a limit (Roche lobe) on the radial growth of each component. Once a binary 
member reaches the Roche tidal limit, mass is transferred to the companion or even 
lost from the system, also resulting in angular momentum losses, in changes of the 
orbital characteristics, and possibly in merging of the stars. Because of this distinctive 
property of mass transfer, close binaries can follow more complicated evolutionary 
paths leading to the formation of a wide variety of stellar configurations, from Algol 
binaries to blue stragglers, X-ray binaries, and double neutron stars. Comprehensive 
discussions of the various physical processes and outcomes of binary evolution can be 
found, for example, in Webbink (1985a), van den Heuvel (1993), Rasia (1996), and 
Ritter (1996). 
Although intermediate and final stages of binary evolution can differ largely from 
those of single-star evolution, modeling of binaries relies greatly on our knowledge of 
how isolated stars evolve. In addition, understanding of the effects of mass transfer 
and stellar explosions on orbital dynamics is required in order to follow the evolution 
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of binaries through various phases. The major, wide-scope goal of studying binary 
evolution is to investigate the formation, as well as the evolutionary fate of the dif-
ferent types of close binaries, and if possible, identify the evolutionary links between 
the various observed configurations. 
Although many problems still remain in the study of binary evolution, much 
progress has been achieved since the first detailed mass transfer calculations were 
performed thirty years ago (e.g., Paczynski 1966; Kippenhahn & Weigert 1967; Plavec 
1968). Depending on their objectives, binary evolution studies of observed systems 
have followed two separate paths. One focuses on studies of specific systems, of 
which the observed properties can be possibly used as tracers of their evolutionary 
history and, in some cases, can provide information about their progenitors (e.g., 
Sutantyo, van der Linden, & van den Heuvel 1986; Rappaport et al. 1987; Verbunt, 
Wijers, & Burm 1990; van den Heuvel 1994). Although, this approach provides a 
limited perspective on the plausibility of the initial conditions and the subsequent 
evolution, it can sometimes be used as a probe of certain physical processes (e.g., 
common-envelope phase; see Iben & Livio 1993). 
Another approach to studying the evolution of binaries is the synthesis of the 
population of interest, starting from a primordial binary ensemble and following its 
evolution through one or several evolutionary paths. Such models make use of our 
knowledge of single-star evolution and of physical processes relevant to binaries and 
address the relevant questions from a statistical point of view. Comparison with the 
corresponding statistical properties of the observed population (i.e., the distribution 
of certain characteristics, such as luminosity, period, masses, velocity) advances our 
understanding of the evolution of primordial binaries, and possibly allows us to con-
strain the unknown parameters that enter the modeling of the evolution. Over the 
years, this statistical approach has been applied to a number of types of binaries (e.g., 
Stone 1982; Iben & Tutukov 1986; Lipunov & Postnov 1988; Meurs & van den Heuvel 
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1989; de Kool 1992; Kolb 1993; Tutukov & Yungel'son 1993; Dalton & Sarazin 1995; 
Politano 1996; Fryer, Benz, & Burrows 1997) 
Final remnants of single star evolution represent the most dense stellar configu-
rations possible in nature. Depending on the initial stellar mass the remnant can be 
a white dwarf, a neutron star, or a black hole. These remnants in isolation are either 
non-detectable (black holes), or dim sourc~s powered by thermal emission (neutron 
stars and white dwarfs). Neutron stars are an a exception to this for a period soon 
after their birth("-' 107 yr), during which they can appear as relatively st;ong, pulsing 
radio sources, i.e., as radio pulsars, powered by their rapid rotation. Upon exhaus-
tion of their rotational energy they too become dim thermal emitters. In contrast, 
when these same types of remnants are found in close binary systems, they are "re-
juvenated" and become some of the brightest optical or X-ray sources (cataclysmic 
variables, symbiotic binaries, supersoft sources containing white dwarfs, and X-ray 
binaries containing neutron stars and black holes), giving rise to a variety of spectac-
ular events, from X-ray and optical bursts, to X-ray pulsations or outbursts and even 
supernovae. 
X-ray binaries consist of a compact object, either a neutron star or a black hole, 
in orbit around a less evolved star (on the main sequence or on the giant branch). 
The X-rays detected from these systems are the manifestation of matter lost from the 
non-degenerate companion, due to a wind or through Roche lobe overflow, trapped 
into the deep gravitational potential of the compact object, and eventually accreted 
onto it. The first X-ray binary, Seo X-1, was discovered by Giacconi et al. in 1962. 
A few years later, Shklovskii (1968) suggested that it is a binary system powered by 
accretion. Observational confirmation of its binary nature came with the detection 
of orbital modulations (orbital period of 0.78days) in radial velocity measurements 
of the optical counterpart to the X-ray source (Gottlieb et al. 1975). In the decades 
that followed, the population of X-ray binaries was established with detections of 
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many more sources. With the increasing number of optical identifications, it became 
quite obvious that X-ray binaries are separated into two distinct groups: the low-
mass systems with companion masses of ;Sl M0 , and the high-mass X-ray binaries 
with companion masses in excess of ,.,_, 5 - 10 M0 . This definite gap in the range of 
companion masses has been associated with the issue of stability of mass transfer and 
dependence of the strength of stellar winds on masses (van den Heuvel 1975). Apart 
from the donor mass, the two groups of X-ray binaries differ in several other aspects, 
such as the driver of mass transfer, their spectra and X-ray variability, the properties 
of the compact object, as well as the types of their progenitors. 
1.2 Low-Mass X-Ray Binaries 
Comprehensive reviews of the properties and evolutionary history of low-mass X-
ray binaries (LMXBs) can be found in the review articles by Bhattacharya & van 
den Heuvel (1991), Verbunt (1993), and in the book "X-Ray Binaries" Lewin, van 
Paradijs, & van den Heuvel (1995). Here, we will summarize a few of the main points 
discussed by these authors. 
1.2.1 Observational Overview 
Low-mass X-ray binaries are the brightest sources in the X-ray sky, with luminosities 
ranging from rv 1036 to,...., 1038 ergs-1 (in the 2-20 keV range). At present about 100 
systems have been detected in the Galactic disk and globular clusters and a few in 
the Magellanic Clouds (van Paradijs 1995). Their spatial distribution shows a clear 
concentration towards the galactic center and the Galactic plane, but with a fairly 
high vertical scale height (rv 0.5 -1 kpc), which is consistent with LMXBs belonging 
to an old population. 
LMXBs exhibit a high degree of time and luminosity variability, with phenomena 
such as quasi-periodic oscillations of different types with frequencies between 6 and 
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1200 Hz (van der Klis 1989, 1997), X-ray bursts (Lewin, van Paradijs, & Taam 
1995) that are interpreted as thermonuclear flushes on the surface of the neutron star 
(providing the most concrete evidence that the compact object is a neutron star), and 
even more dramatic outbursts that are possibly the result of a disk instability (King 
1995). Contrary to most of the high-mass X-ray binaries, LMXBs do not show any 
X-ray periodic pulsations (Vaughan et al. 1994), which indicates that the strength of 
the neutron-star magnetic field in these systems is relatively low (;:S,109 - 1010 G). 
A fraction of the observed LMXBs have been identified in the optical energy band 
as well, although they are relatively faint optical sources and their detection is heavily 
hampered by interstellar absorption. Their optical luminosity is lower than the X-ray 
luminosity by factors of 10 to 104 , and is dominated by reprocessing of the X-rays 
by the accretion disk (van Paradijs & McClintock 1995). Therefore, the study of the 
donor star is often difficult, if not impossible. If the companion to the neutron star 
is evolved, and hence relatively luminous, then its spectrum may be detected. In 
most cases, however, donors are studied only in transients at their low state, when 
the emission from both the neutron star and the accretion disk has dropped by many 
orders of magnitude. The spectral identifications (types G, K, and M mostly) and the 
low optical luminosities of the companion stars are consistent with low-mass donors 
feeding the compact objects in these systems. 
Periodic modulations in the optical and, for some systems, in the X-ray emission 
have allowed the measurement of orbital periods for about 25 of the observed LMXBs, 
covering a range from,......, 3 to,......, 300 days (van Paradijs 1995); a few ultra-short period 
systems with periods down to 11 minutes have also been detected and their origin and 
evolutionary history is still unclear (Rappaport & Joss 1984; Verbunt 1987; Rappaport 
et al. 1987). Furthermore, photometric and spectroscopic measurements have allowed 
us to set strict lower limits on the masses of some of the accreting objects. In three 
cases, these lower limits exceed the maximum stable neutron star mass and therefore 
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provide strong evidence for the presence of black holes in these binaries (Cowley 1992; 
Wijers 1995). Identification of other black hole systems has been attempted based on 
the similarity of their spectral properties with those of the systems with dynamical 
mass determinations, but these spectral criteria are still very uncertain. 
1.2.2 Theoretical Overview 
Theoretical studies of the nature of LMXBs cover a wide range of problems, from 
their evolutionary history to their secular evolution and fate, and from their spectral 
and timing properties to the structure, stability, and interaction of the accretion disk 
with the compact object. Here, we restrict our discussion to the issue of the origin of 
LMXBs. 
In low-mass X-ray binaries (LMXBs) mass transfer is initiated when the low-mass 
companion fills its Roche lobe and matter is transferred through the inner Lagrangian 
point to the compact object. Roche lobe overflow occurs as a result of (a) the radial 
expansion of the star and (b) the orbital shrinkage caused by angular momentum 
losses due to gravitational radiation and magnetic stellar winds. Depending on which 
of the two mechanisms dominates, LMXBs become long-period (.<,1 day) or short-
period systems, respectively. 
Soon after their discovery, their similarity (to some extent) with cataclysmic vari-
ables (close binaries with white dwarfs accreting from an unevolved low-mass donor), 
became evident. In terms of their formation, both systems pose an interesting puz-
zle to theories of binary evolution: the progenitors of the accreting compact objects 
must have been highly evolved stars, with a radial extent such that they could not 
be accommodated in the present small orbital size of the systems. Moreover, the 
existence of LMXBs with neutron stars, the formation of which involves a supernova 
explosion, poses one more question. If the amount of mass lost in the explosion ex-
ceeds half of the total mass of the system, then the binary is disrupted (Blaauw 1961; 
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Boersma 1961). Given the low mass of the donor and the high initial mass (higher 
than ,...., 8 -11 M0 ) of neutron star progenitors, it is by no means clear how the binary 
remained bound after the supernova explosion. 
The resolution of both puzzles is achieved by invoking the occurrence of a common-
envelope phase, initially suggested by Paczynski (1976) for the formation of cata-
clysmic variables. When the neutron star progenitor evolves off the main sequence, it 
overfills its Roche lobe and transfers matter to its low-mass companion. The transfer 
rate is so high compared to the thermal relaxation time scale of the low mass star 
that the star is eventually engulfed by the massive primary and a common envelope 
is formed around the low-mass star and the core of the primary. Friction and tidal 
torques cause the secondary to spiral into the envelope releasing orbital energy. If 
this energy is deposited in the common envelope, then the final outcome of the phase 
is the ejection of the envelope from the system and the appearance of a closer binary 
consisting of the low-mass secondary and the helium core of the primary. Such an 
evolutionary phase in the history of LMXBs can account for both the present small 
orbits and the survival of the post-SN system in a bound orbit, since the most of the 
mass is lost prior to the explosion with the ejection of the envelope (for a review of 
the current understanding of the common-envelope phase, see Iben & Livio 1993). 
Since the discovery of LMXBs, a few evolutionary channels have been suggested 
for their formation, all of which involve a common-envelope phase. They involve 
(i) the supernova explosion of a helium star (Sutantyo 1975; van den Heuvel 1983), 
(ii) the collapse of an accreting white dwarf (Canal & Schatzman 1976), and (iii) 
the evolution of a triple system to a merging high-mass X-ray binary with a distant 
low-mass companion (Eggleton & Verbunt 1986). The third channel and a variation 
of the first path (Romani 1992) have been suggested to account for the existence of 
LMXBs with black holes. There are still open issues related to accretion· onto white 
dwarfs and their possible collapse into neutron stars, while recent results on rapid 
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accretion onto neutron stars (Fryer, Benz, & Herant 1996) indicate that formation of 
neutron-star LMXBs via the third channel is not possible. 
Until very recently the quantitative study of the above evolutionary sequences has 
been quite limited. The first attempt was presented by Romani (1992) who focused on 
LMXBs with black holes and studied a synthesized population with a fixed secondary 
mass. He found his models to be in rough agreement with the observed popula-
tion, but was not able to constrain the unknown model parameters. Simultaneously 
with the undertaking of this thesis but with different objectives, another population 
synthesis study was initiated. LMXB formation through the first two of the above 
channels has been investigated by Iben, Tutukov, & Yungel'son (1995). Their study 
focused on the determination of birth rates for a wide variety of evolutionary paths in-
volving multiple common-envelope phases, but with a limited parameter study. They 
concluded that the models result in an overproduction of LMXBs compared to the 
rate implied by the observations. Considering further their secular evolution through 
the mass transfer phase, they showed that agreement with observations can be ob-
tained using a simple model for the irradiation of the LMXB donor, with the primary 
result being a significant decrease of the LMXB lifetime. Finally, another study of 
LMXB population synthesis has been presented by Terman, Taam, & Savage (1996), 
who concentrated on the helium-star supernova formation channel. As we will see 
in Chapter 4 (Kalogera & Webbink 1996b), their results are in good agreement with 
those obtained in this thesis. 
1.3 Supernova Kicks 
One of the major events in the evolutionary history of LMXBs, regardless of the 
specifics of the formation path, is the supernova explosion that forms the neutron 
star. In recent years, a general consensus has been reached that kicks are imparted to 
neutron stars at the time of their birth, an idea that was first suggested by Shklovskii 
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(1970). Consequently, the orbital dynamics of post-SN systems are affected by both 
the mass lost during the explosion and the neutron star kick. 
It has been more than 25 years since the early studies of the pulsar population 
indicated that pulsars have average velocities and a vertical scale height considerably 
higher than those of their massive progenitors (Gunn & Ostriker 1970). With the 
increase of the number of pulsars with measured proper motions and the improvement 
of the accuracy of the measurements, Harrison, Lyne, & Anderson (1993) derived an 
r .m.s. velocity magnitude of ,....., 300 km s-1 . However, a new model for the electron 
density distribution in the Galaxy (Taylor & Cordes 1993) resulted in a significant 
upward revision of the pulsar velocities. Based on this model and taking into account 
a selection effect against high-velocity pulsars (originally pointed out by Anderson 
& Lyne 1983), Lyne & Lorimer (1994) derived a pulsar velocity distribution with a 
mean of 450kms-1• Moreover, studies of pulsar and supernova remnant associations 
have yielded pulsar velocities as high as,..., 3000kms-1 (Caraveo 1993; Frail, Goss, & 
Whiteoak 1994; Kaspi 1996). These estimates are strongly affected by uncertainties 
on the age and distance of the supernova remnant as well as the position of the pulsar 
birth place, but they do support the idea that pulsars are high velocity objects. 
These pulsar velocities, which are highly in excess of the average velocities of mas-
sive stars (pulsar progenitors), indicate that neutron stars are imparted additional 
velocities, most likely at the time of their formation. The distribution of pulsar veloc-
ities does not directly reflect the kick velocity distribution at neutron star birth, but 
it certainly contains information about it. Dewey & Cordes (1987) and Bailes (1989) 
have synthesized single and binary pulsar populations and using the observational 
information available at that time concluded that kicks with average magnitudes of 
100- 200 kms-1 must be imparted to nascent neutron stars. More recently however, 
Iben & Tutukov (1996) claimed that the observed pulsar velocities can be explained 
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without any additional kicks, but only with the velocity a nascent neutron star ob-
tains when it is born in a binary system that is disrupted at the explosion. Given the 
assumptions made in their study (binary fraction equal to unity and pulsar formation 
associated only with close binaries), Iben & Tutukov (1996) reproduced the range of 
measured transverse velocities based on the old electron density model (Harrison et 
al. 1993), but not the high-order statistical moments of the observed distribution. On 
this same issue, calculations by Fryer et al. (1997) have shown that the recent pulsar 
velocity measurements (Lyne & Lorimer 1994) cannot be explained in the absence of 
supernova kicks. 
Apart from the kinematical properties of pulsars, there exists additional observa-
tional evidence for supernova kicks. The misalignment of spin and orbital angular 
momentum axes in a binary radio pulsar (PSR 0045-7319; Kaspi et al. 1996; Lai et 
al. 1996) and the suggested retrograde rotation of its massive companion (Kumar & 
Quataert 1997), as well as the existence of close double neutron star systems (Burrows 
& Woosley 1986; Yamaoka, Shigeyama, & Nomoto 1993; Fryer & Kalogera 1997) pro-
vide clear, although in some cases model-dependent, evidence that supernova kicks 
exist. 
Although at present no theory for the origin of the natal neutron star kicks is 
generally accepted, a consensus has been formed that the kick must be associated 
with some asymmetry in the supernova explosion. This asymmetry may be tied to 
the neutron ~tar progenitor, the explosion itself or even the mass loss or fallback after 
the explosion. To date several models have been presented (e.g., Herant, Benz, & 
Colgate 1992; Janka & Muller 1994; Burrows, Hayes, & Fryxell 1995; Burrows & 
Hayes 1996), but it appears that more detailed core collapse simulations are needed 
to address questions concerning the magnitude or isotropicity of the kick, as well as 
whether kicks are also present in accretion induced collapse of white dwarfs and black 
hole formation. 
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1.4 Objectives and Summary of Results 
The original goal of this thesis was the modeling of the formation of LMXBs through 
the various evolutionary paths previously or currently suggested. Our expectation 
was that certain features in the final LMXB distribution would allow us to distin-
guish between the different formation channels, and constrain the properties of their 
progenitors at various evolutionary stages. Such an approach required an in depth 
analysis of the characteristics of the LMXB population and more importantly an in-
vestigation of their dependence on the various unknown model parameters, beyond 
the mere calculation of birth rates. 
A major part of the thesis work was devoted to synthesizing model LMXB pop-
ulations and investigating their statistical properties. For this purpose, we adapted 
and extented a semi-analytical population synthesis method originally developed by 
Politano {1989) for the study of cataclysmic variables. With this method we were able 
to calculate the deformation of the distribution function that describes the primordial 
binary population, as these primordial systems follow a given evolutionary sequence. 
The binary properties (stellar masses and orbital separations) at each stage are re-
lated to each other, and the evolution of the distribution is followed using Jacobian 
transformations between initial and final characteristics. In contrast to numerical 
methods (i.e., Monte Carlo or grid over primordial properties), this semi-analytical 
method is free of statistical noise and is accurate enough to reveal even the most 
subtle features of the distribution. Moreover, it allows us to track the origin of these 
features (possibly back to characteristics of the primordial population or the effect 
of a certain evolutionary stage or process), and at the same time is very efficient 
computationally and permits us to perform extensive parameter studies. 
With the stochastic character of the supernova kick imparted to neutron stars, the 
one-to-one correspondence between pre- and post-SN states is lost. Instead a single 
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pre-SN state leads to a distribution of possible post-SN states depending on the mag-
nitude and direction of the kick. For this reason the effects of kicks on post-SN binary 
characteristics has so far been studied only with the use of Monte Carlo techniques 
(Dewey & Cordes 1987; Bailes 1989; Brandt & Podsiadlowski 1996). Motivated by 
our need to incorporate these effects in our semi-analytical synthesis calculations, we 
developed an analytical method that allows us to statistically model the changes of 
the orbital characteristics of binaries with pre-SN circular orbits (Chapter 2; Kalogera 
1997). A direct result of this analysis has been the derivation of analytical expressions 
for the distributions of post-SN systems over several parameters, such as orbital sep-
arations (periods), eccentricities, and center-of-mass velocities, which can be used in 
analytically synthesizing any neutron-star binary populations. We also investigated 
the dependence of the post-SN distributions on the kick and pre-SN characteristics. 
For the center-of-mass velocities, we found that they are comparable to the relative 
orbital velocities, independent of the the kick magnitude, and when kicks are higher 
than the pre-SN relative orbital velocity the center-of-mass velocities depend only on 
the pre-SN properties. Moreover, by comparing our results with the escape velocities 
from globular clusters, we concluded that, barring formation via accretion induced 
collapse of a white dwarf, LMXBs in clusters have been formed via dynamical inter-
actions (e.g., captures, exchanges) only. 
Prior to synthesizing the population of nascent LMXBs we investigated the charac-
teristics of neutron-star binaries that become observable LMXBs (Chapter 3; Kalogera 
& Webbink 1996a). We found that the ranges in donor masses and orbital separations 
of LMXBs at the onset of mass transfer are defined by constraints concerning the sta-
bility of the mass transfer process and the age of the systems. We also accounted for 
the possibility that the mass transfer rate exceeds the Eddington limit, and found that 
mass loss from the system during this super-critical phase is of pivotal importance in 
allowing relatively massive donors to remain in hydrostatic and thermal equilibrium. 
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Furthermore, we found that all donors filling their Roche lobes after they have evolved 
beyond the base of the giant branch initially drive mass transfer at super-Eddington 
rates. The existence of binary pulsars in circular orbits around white dwarfs, thought 
to have formed by LMXBs with evolved donors, clearly indicates that neutron stars 
can indeed survive accretion at super-critical (by a factor of a few) rates. 
Having identified the properties of nascent LMXBs, we undertook a detailed study 
of their origin and the distribution of their population over binary characteristics 
(Chapter 4; Kalogera & Webbink 1996b). For the evolutionary sequence involving 
the supernova explosion of a helium-star, we considered the complete set of structural 
constraints imposed on LMXB progenitors and were able to identify the ranges to 
which their properties· are restricted. As a result and with the use of the current 
models of single-star evolution, we found that for all channels involving neutron-star 
progenitors with non-degenerate envelopes, the formation of short-period ( < 1 day) 
LMXBs is allowed only if kicks are imparted to nascent neutron stars. Furthermore, 
we developed synthesized statistical models for the LMXB population and extensively 
investigated their dependence on several unknown model parameters. We concluded 
that the LMXB distribution within the allowed parameter space (delineated by the 
stability and age constraints) is determined primarily by the rate of angular momen-
tum losses due to magnetic braking and is also relatively sensitive to the average kick 
magnitude. Moreover, we found that the supernova· kicks, by and large, erase any 
memory of the pre-SN evolution, as long as a common-envelope phase has occurred 
prior to the supernova, and the pre-SN parameters are concentrated in a relatively 
narrow range. Finally, we showed that predicted absolute birth rates for LMXBs are 
quite uncertain, the reason being that they primarily depend on the, observation-
ally unconstrained and essentially unknown, birth frequency of binaries with extreme 
mass ratios; in contrast, relative birth rates and fraction estimates are credible to a 
higher degree. Our parameter studies showed that, apart from the formation rate of 
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primordial binaries, LMXB birth rates also depend on the average kick magnitude, 
and much less on the ejection efficiency of the common envelope, unless the latter 
becomes very small ( < 0.3). 
The critical role of the natal kicks in LMXB formation led us to propose an alter-
native evolutionary channel, the direct-supernova mechanism (Chapter 5; Kalogera 
1997). This is the only path that does not invoke a common-envelope phase, but 
instead relies on an appropriate kick to keep the post-SN system bound and in a 
small enough orbit for mass transfer to be stable and to be initiated within the age 
of the Galaxy; prior to the supernova explosion no mass is transferred between the 
two binary members (and hence the name of the formation channel). The efficiency 
of this mechanism relative to the one involving a helium-star supernova is sensitive to 
the average kick magnitude, and for kicks of the order of 100 km s-1 it contributes up 
to one third of the LMXB population. More importantly, though, it provides the only 
way to form LMXBs wide enough (~30 days) to evolve and become binary pulsars in 
circular orbits with periods of the order of 1000 days as observed. 
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Chapter 2 
Orbital Characteristics of Binary 
Systems after Asymmetric 
Supernova Explosions* 
2.1 Introduction 
Studies of the radio pulsar population (e.g., Gunn & Ostriker 1970; Helfand & Tade-
maru 1977; Harrison, Lyne & Anderson 1993; Lyne & Lorimer 1994) have shown 
that pulsars move in the Galaxy with very high space velocities, ranging from 20 to 
2000 km s-1 , and that their galactic distribution has a large scale height, of the order 
of 1 kpc. The origin of these high velocities is often attributed to a kick velocity 
imparted to the neutron star at the time of the supernova explosion. Early studies 
by Dewey & Cordes (1987) and Bailes (1989) concluded that the mean magnitude of 
the kick velocity is of the order of 100 - 200 km s-1. In a more recent study, which 
takes into account new measurements of pulsar proper motions, a new electron den-
sity model, and a selection effect against fast pulsars, Lyne & Lorimer {1994) found 
the mean kick velocity to be rv 450±90kms-1 . Additional observational evidence in 
support of a kick velocity imparted to neutron stars at birth are related to the exis-
tence of a high-velocity population of 0, B runaway stars (e.g., Stone 1991), as well 
*Adapted with style changes from "Orbital Characteristics of Binary Systems after Asymmetric 
Supernova Explosions" that appeared in The Astrophysical Journal, 471, 352-365, 1996 November 
1, by V. Kalogera. @American Astronomical Society. 
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as to supernova remnant - pulsar associations, studies of which yield kick velocities 
up to 2000 km s-1 (Caraveo 1993; Frail, Goss, & Whiteoak 1994). 
In contrast to Dewey & Cordes (1987), lben & Tutukov (1996) have recently con-
cluded that the hypothesis of natal kicks imparted to neutron stars is unnecessary. 
They have found that the transverse velocity distribution of pulsars in the solar neigh-
borhood, as well as that of 0, B runaway stars, massive X-ray binaries, and double 
neutron stars, can be explained by the recoil velocity due to symmetric supernova 
explosions. However, they reach this conclusion by assuming (i) that all stars are 
members of binary systems and (ii) that neutron stars formed by massive single stars 
(formed only by mergers) or in wide binary systems rotate too slowly to become radio 
pulsars. Although, their results are marginally consistent (mean predicted velocities 
are,...., 100 - 150kms-1) with the old pulsar distance scale (Harrison et al. 1993), 
they are not consistent with the more recent results of Lyne & Lorimer (1994). 
Over the years, several theories have been put forward in an effort to explain 
the origin of kick velocities (e.g., Harrison & Tademaru 1975; Chugai 1984; Duncan 
& Thomson 1992; Herant, Benz & Colgate 1992; Janka & Muller 1994; Burrows, 
Hayes, & Fryxell 1995; Burrows & Hayes 1996). Even a small asymmetry during the 
collapse of the core can give a kick to the remnant of the explosion. The asymmetry 
may be related either to neutrino emission or to mass ejection during the supernova, 
and may be caused by the magnetic field or rotation of the collapsing core, or by 
hydrodynamic instabilities, such as Rayleigh-Taylor or convective motions. In any 
case, the mechanism responsible for the kick velocity is still not well understood, and 
it appears that fully three-dimensional numerical simulations of the core collapse will 
be required in order to settle this issue. 
Several authors have previously studied the effect of an asymmetric supernova 
explosion on binary parameters, focusing on various aspects of the problem. Early 
work by Flannery & van den Heuvel (1975), Mitalas (1976), Sutantyo (1978), and Hills 
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(1983) addressed the problem of deriving expressions of post-SN orbital characteristics 
for a specific kick velocity for both circular and eccentric pre-SN orbits. They also 
derived survival probabilities for kick velocities of constant magnitude and random 
direction. The one-to-one link between pre-SN and post-SN parameters is broken 
when kick velocities are allowed to have a distribution over both magnitude and 
direction, in which case there exists a distribution of post-SN characteristics, even 
for pre-SN binaries with specific orbital parameters. Wijers, van Paradijs, & van 
den Heuvel (1992) were the first to address this problem. They derived an analytic 
expression for the distribution of post-SN orbital separations and eccentricities only, 
which however was also convolved with a distribution of pre-SN orbital separations. 
More recently Brandt & Podsiadlowski (1995) addressed the same problem using 
numerical methods (Monte Carlo simulations). The resulting distributions are again 
convolved with pre-SN period distributions, and, in this case, are calculated only for 
specific stellar masses, in an effort to compare them with observation. Because these 
distributions are calculated numerically, information about the allowed ranges of post-
SN characteristics, the shape of multi-dimensional distributions, and their dependence 
on the pre-SN and kick-velocity characteristics is limited. Our purpose here is to 
derive analytical expressions of various post-SN characteristics for the realistic case 
of kick velocities with a distribution in both magnitude and direction. The derived 
distributions are general, and apply to any circular binary systems that experience 
asymmetric supernova explosions. 
The study presented in this Chapter has been motivated by our interest in per-
forming population synthesis calculations for low-mass X-ray binaries. Monte Carlo 
techniques have been widely used in such calculations modeling various kinds of bi-
nary systems (e.g., Dewey & Cordes 1987; de Kool 1992; Romani 1992). Another 
method is based in creating a multi-dimensional grid of initial binary parameters and 
tracing the evolution of systems through a sequence of evolutionary stages for each set 
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of initial parameters (Kolb 1993; Iben, Tutukov, & Yungel'son 1995 and references 
therein). Both of these numerical methods have the same problem: although the 
goal is to calculate the characteristics of the final population, the sampling procedure 
is applied on the initial population, and therefore it is possible that the final popu-
lation is under-sampled, even if the sampling of the primordial population appears 
adequate. Another problem with both methods is related to statistical accuracy: the 
initial sets of parameters cover a wide range, of which only a small part is populated 
by progenitors of interest, especially in the case of X-ray binaries, which have very 
small birth rates; therefore, with these methods it is necessary to study a very large 
number of primordial binaries in order for a statistically significant number of systems 
to survive. Both of these problems are absent in population synthesis calculations 
performed analytically, where distributions of primordial binaries over orbital char-
acteristics are transformed through a sequence of evolutionary stages, using Jacobian 
transformations. In this way, the regions in parameter space populated by the pro-
genitors of interest are identified and the final population is calculated directly. This 
method has been formulated and applied to the study of cataclysmic binaries by Poli-
tano (1996) (see also Politano, Ritter, & Webbink 1989; Politano & Webbink 1990). 
Apart from the absence of the problems discussed above, the analytical method has 
the additional advantage that the shape of final distributions is calculated exactly, 
revealing fine details and subtle features, such as sharp peaks, infinities, or definite 
limits imposed on the final parameters. Also, the various dependences of these param-
eters and their distributions on the initial parameters can be identified and studied 
in detail. 
In order to use the analytical method in population synthesis of neutron-star bi-
naries, it is necessary to develop an analytical tool for the modeling of asymmetric 
supernova explosions. Our purpose in this Chapter is to present such a method based 
on Jacobian transformations for computing analytically the probability distributions 
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of several orbital characteristics of post-SN binaries. These distributions include 
(§ 2.2) the orbital separations and eccentricities immediately after the supernova ex-
plosion, the circularized orbital separations, and (§ 2.3) the systemic velocities. They 
are derived for circular pre-SN orbits and for kick velocities that are randomly dis-
tributed not only in direction but also in magnitude (Maxwellian distribution). The 
derived expressions can be used in synthesis calculations of any kind of binaries that 
experience supernova explosions during their evolution. The analytical character of 
the derivation enables us to perform detailed parameter studies and identify those 
characteristics of the kick velocities or the pre-SN binaries that govern the behavior 
of the post-SN distribution functions. Expressions for the limiting cases of very large 
or very small kick velocities relative to the pre-SN orbital velocities are also derived. 
We identify the limits imposed on the post-SN parameters and discuss their physical 
interpretation. In addition, we calculate survival probabilities (§ 2.4) as functions of 
the pre-supernova (pre-SN) orbital characteristics and the mean kick velocity. Finally, 
we examine several implications of our results (§ 2.5) for the progenitors of high- and 
low-mass X-ray binaries, double neutron stars, and their populations in globular clus-
ters. A list of the symbols used throughout the Chapter is given in Appendix A. The 
study of a few special cases is included in Appendix B and C. 
2.2 Post-Supernova Orbits 
We assume that the binary orbits prior to the supernova explosion are circular, and 
that the kick velocities follow a Maxwellian distribution. The first of these two as-
sumptions is unlikely to be violated in the case of systems that have emerged from 
a common-envelope phase, or have experienced (semi-)conservative mass transfer. 
Orbital eccentricities may be important for binaries with components that have not 
interacted prior to the supernova explosion, although it is still possible that circu-
larization has occurred during their main-sequence evolution (see Portegies-Zwart & 
19 
Verbunt 1996). The second assumption, that of a Maxwellian distribution of kick 
velocities, we adopt in the absence of an adequate theoretical understanding of their 
origin. It is conceivable that the direction of the kick is affected by the kinematical or 
rotational properties of the collapsing core, but any correlation between the kick di-
rection and the orbital rotational axis or the orbital velocity has yet to be established. 
In principle, a method like that described here can be used with any distribution of 
kick velocities, although the derivational details will be different. 
In most of our calculations the interaction between the expanding supernova shell 
and the companion to the exploding star has been ignored. According to Fryxell & 
Arnett (1981), this interaction is generally weak, especially in the case oflow-mass X-
ray binaries (LMXBs) and double neutron stars, where the solid angle intercepted by 
the companion is very small unless the orbital separation is also small (see Appendix 
Band Romani 1992). This effect may be more important for high-mass X-ray binaries 
(HMXBs), although their orbits are much wider. Nevertheless, for completeness we 
have repeated the calculation of the probability distribution of circularized orbital 
separations, including also the effect of the impulse velocity (see Appendix B). 
2.2.1 Non-Circularized Orbits 
In this section we derive the distribution of post-SN binary systems over orbital sepa-
rations and eccentricities immediately after the supernova explosion, by transforming 
the distribution of kick velocities imparted to the neutron star into a distribution over 
other binary parameters of interest. 
We adopt a reference frame centered on the exploding star mass, Mi, just prior to 
the supernova. The companion mass, M 2 , is chosen to be at rest and the exploding 
star to move in a circular orbit with separation Ai. The x-axis lies along the line 
connecting the centers of mass of the two stars, pointing from M 2 to M 1. The y-axis 
lies parallel to the direction of the pre-SN orbital velocity v;. of Mi relative to its 
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Figure 2.1: Geometry of the binary system and reference frame adopted in the calcu-
lations. The orbital plane of the pre-SN binary coincides with the plane of the page, 
that is the x-y plane. 
companion. The z-axis completes a right-handed orthogonal system (Figure 2.1). 
Two of the parameters characterizing the post-SN binaries are the orbital separa-
tion, A I, and the eccentricity, e. We use the energy and angular momentum equations 
for eccentric orbits to relate these two parameters to the three components of the kick 
velocity. The supernova explosion, mass loss, and kick are assumed to be instanta-
neous. In general, for two stars with masses Ma and Mb in an orbit with orbital 
separation A and eccentricity e, their relative velocity V at a distance r is given by: 
(2.1) 
and the specific angular momentum of the system is: 
(2.2) 
We can also apply the above two equations in the case of the post-SN binary, for 
which V = (Vkx, Vkv+ v;., Vkz) and r= (Ai,0,0). The orbital separation, A,, and the 
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eccentricity, e, of the post-SN orbit are thus related to the components of the kick 
velocity, Vix, Viy, and Viz by the expressions: 
1 - e2 = 
G(M + M) [2G(MNs + M2) - v? - v2 - 2Vi v:]-1 
NS 2 Ai k r ky r 
(Vfz + Vfy + ~2 + 2Viy v;. )A~ 
G(MNs + M2)A1 
(2.3) 
(2.4) 
where MNs is the gravitational mass of the neutron star and Vi is the magnitude of 
the kick velocity. 
The third independent parameter describing the post-SN state of the binary is 
the orientation of the eccentric orbit relative to the pre-SN orbital plane. The plane 
of the binary orbit is altered due to the z-component of the kick velocity. Since the 
explosion is assumed to be instantaneous, the position of the two stars just before and 
just after the supernova remains unchanged. In our reference frame (Figure2.1) the 
two stars lie along the x-axis, and therefore the intersection of the two orbital planes 
must coincide with the x-axis. The angle, (), between the pre- and post-SN orbital 
planes, is equal to the one between the relative velocity just before the explosion, 
V,. = (0, v;., 0), and the projection of the relative velocity just after the explosion onto 
they - z plane, Vyz = (0, Viy +Vy, Viz). Hence: 
(2.5) 
For convenience, we rewrite equations (2.3), (2.4), (2.5) in dimensionless form using 
the following definitions: 
a 
A1 (2.6) 
- A-' i 
/3 MNs +M2 (2.7) M1+M2 ' 
Vkj -
Vki (2.8) v;. ' 
where j can be x, y, or z. The dimensionless post-SN orbital separation a, the eccen-
tricity e, and the angle () between pre- and post-SN orbital planes can be expressed 
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fJ (2.9) 
2{3- Vfx - (vky + 1)2 - Vfz 
1 e2 Vfz + (vky + 1)2 [2a - v2 - (v + 1)2 - v2 ] (32 /.J kx ky kz (2.10) 
cos(} Vky + 1 (2.11) 
To obtain the distribution of binaries over post-SN characteristics we use the 
Jacobian transformation of the kick velocity distribution. The distribution functions 
for each of the three components of the kick velocity are assumed to be Gaussian: 
1 ( vr) p( Vkx, Vky, Vkz) = ~ J 27re2 exp - 2e; , (2.12) 
where e = a /Vr, and a is the velocity dispersion of each of the one-dimensional 
Gaussian distributions. Using equations (2.9), (2.10), and (2.11) we obtain: 
g(a,e,cosO) = ( fJ ) 
3
1
2 
2 e 1 ) ( 1 J-1/2 
27re2 [a(1-e2)]1/2 ((a- l+e l-e -a) 
[ 
1 ( 2a -1 )] 
xexp -2e2 fJ a +l 
[ 
({J a (1 e2 ))1/ 2 l i/2 
x exp e~ cos (} ( 1 - cos2 (}) - . (2.13) 
In general, we are not interested in the orientation of the post-SN orbital plane. 
Therefore, we integrate g(a, e, cos 0) over all orientations, and obtain for the distri-
bution over orbital separations and eccentricities: 
G(a,e) ( 
fJ ) 3/2 27re 1 1 -1/2 
27re2 [a(l - e2)]112 [(a - 1 + e) (1 - e - a)] 
x exp h~ (P 2": 1+1)] J0 (z), (2.14) 
where 
- (fJ a (1 - e2))1/2 
z = e , 
and ! 0 is the modified Bessel function of zeroth order. The above expression has two 
singularities, at a= 1/(1 ± e), which correspond to the special case of the velocity of 
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Figure 2.2: Limits on the parameter space a - e of post-SN systems for a range of 
values of c, the ratio of the radius of the companion to the orbital separation prior 
to the explosion. For point stars ( c = 0), the allowed parameter space is restricted 
between the two thick lines, which correspond to limits due to the geometrical con-
straint 1/(1- e) >a> 1/(1 + e). The thin lines, which correspond to the constraint 
barring a physical collision, a > c/(1 - e), impose a second, more stringent, lower 
limit to a. 
the newborn neutron star being restricted in the y-z plane, Vix = Q_ We can see this 
by using equations (2.9), (2.10) to obtain: 
v~ = /3 (1 - e2 ) (a - -1 ) (-1 - a) 
x a l+e 1-e 
(2.15) 
In the singular cases, the distribution of kick velocities becomes two-dimensional, and 
there are only two independent variables describing the post-SN state: cos(} and e 
(or a). The corresponding distributions are derived in Appendix C. 
Scrutiny of equation (2.14) indicates that post-SN binaries populate only a re-
stricted area of the a - e plane, independent of the orbital characteristics of the 
pre-SN systems. Acceptable values for a span a range from 1/(1 + e) to 1/(1 - e), 
limits which were first identified by Flannery & van den Heuvel (1975). Since the 
24 
post-SN orbit must include the position of the two stars just prior to the explosion, the 
post-SN orbital separation, A1, cannot be smaller than half of the pre-SN separation, 
Ai. 
In addition to remaining bound, the two stars in the post-SN binary must avoid 
physical collision, which would probably lead to a merger. The closest distance be-
tween the two stars must at a minimum exceed the sum of their radii: 
(2.16) 
or 
R2 
a (1 - e) > Ai = c. (2.17) 
This condition sets a lower limit on a, a > c/ (1-e), or an upper limit on e, e < 1-c/ a. 
The complete set of limiting curves on the a - e parameter space, for a range of 
different values of c, is shown in Figure 2.2. Nevertheless, we will set c = 0 for 
simplicity in the following discussion, returning at the very end of this section to 
comment on the effect of a non-zero value of c. 
A two-dimensional distribution over a and e (eq. [2.14]) is shown in Figure2.3 for 
the specific choice of f3 = 0.6 and f, = 1. The behavior of the distribution is dominated 
by the square root term that appears in equation (2.14). This term becomes equal 
to zero along the a(l ± e) = 1 curves. Variation of the values of /3 and f, affects only 
the normalization of the distribution, and not its qualitative shape. 
The distribution of post-SN systems over eccentricity, :l ( e), can be found by 
integrating G(a, e) over a. Sample distributions of post-SN systems over e are plotted 
in Figures2.4a and 2.4b for different values of f3 and f,. For f3;:::: 0.5 (Figure2.4a), 
less than half the total mass of the pre-SN system is lost, and the binary would 
remain bound in the case of a symmetric explosion (no kick imparted to the neutron 
star). In the limit that f, ~ 0, the distribution over e sharply peaks ate~ (1- /3)/ /3, 
which is the eccentricity of the post-SN orbit if the explosion were symmetric (see, for 
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Figure 2.3: Distribution of post-SN systems over dimensionless orbital separations a 
and eccentricities e, for f3 = 0.6 and f. = 1.0. 
example Verbunt 1993). As f. increases, and the kick velocity becomes comparable 
to the relative orbital velocity of the stars prior to the supernova explosion, the 
distribution becomes broader, and then declines uniformly for f. ~ 1. When f3 < 0.5 
(Figure2.4b), binaries would be disrupted in the absence of any kick velocity. In the 
limit that f. -7 0, few systems survive generally with very high eccentricities (e -7 1). 
As f. increases, .:! ( e) grows until f. rv 1- .,/lJ, then declines. For f. ~ 1, .:! ( e) converges 
to the same asymptotic form regardless of whether f3 > 0.5 or not: 
where 
( 
f3 )3/2 
lim .:J(e) = 47r 2 c2 ~ K(p), Noo ~ l+e 
~ 
v=yUe' 
(2.18) 
and K(p) is the complete elliptic integral with the following series representation: 
7r { (1)2 2 (1 · 3)2 4 [(2n - 1)!!] 2 2n } K(p) = 2 l + 2 P + 2 · 4 P + ·· · + 2nn! P + ... ' 
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symmetric explosion, for different values of~- The probability density for~ = 10-3 
in (a) has been reduced by a factor of 100. 
where n is a positive integer. 
To derive the distribution over orbital separations, Q(a), we integrate over eccen-
tricities, e. Plots of the distribution over a are given in Figures 2.5a and 2.5b for 
a set of different f3 and ~- When f3 ~ 0.5 and ~ -+ 0 (Figure 2.5a), conditions are 
similar to those in a symmetric supernova. The distribution is narrow and peaks at 
a-+ {3/(2{3- 1), which is the post-SN orbital separation in the absence of any kicks 
(see Verbunt 1993). As ~ increases the distribution broadens and peaks at orbital 
separations smaller than that before the explosion. For f3 < 0.5 (Figure 2.5b) and 
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small kick velocities, the probability of disruption is very high and the binaries that 
survive have very large orbital separations. For higher values off,, more systems are 
able to reduce their energy and remain bound with smaller orbital separations. When 
f. >> 1, Q(a) converges to the asymptotic form: 
../2a -1 
as/2 (2.19) 
where a~ 1/2. We note that for f. >> 1, both Q(a) and .J(e) assume forms which, 
apart from their normalization do not depend on either f. nor on (3. 
In the preceding discussion, we have not accounted for the possibility that the 
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two stars may collide after the supernova explosion. As a consequence of this last 
constraint the parameter space in a and e is further restricted, and the integrated 
distributions of orbital separations and eccentricities are altered (see Figures 2.6a and 
2.6b). It is evident that the survival probabilities decrease dramatically if c is not 
very small (c ~ 0.01), especially for large eccentricities and for orbital separations 
larger than that of the pre-SN binary. 
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2.2.2 Circularized Orbits 
Tidal interaction between the binary members leads to circularization of the post-
SN orbit, on a time scale that depends on the characteristics both of the eccentric 
orbit and of the companion to the neutron star. Setting aside the question of the 
relevant time scales we can calculate the distribution of post-SN systems over orbital 
separation, Ac, after circularization has been achieved. 
During the circularization process, orbital energy, E, is dissipated while orbital 
angular momentum, J, is conserved. We define the dimensionless quantities: 
·2 J (~)2 a (1 - e2), (2.20) 
E 1 
€ 
- Ea 
-
' a 
(2.21) 
where J; = GAiM'f,;8 M'i_/(MNs + M2) and E0 = -GMNsM2/(2Ai)· From conser-
vation of orbital angular momentum we find for the orbital separation, Ac, of the 
circularized orbit: 
J·2 = Ac - ,...., A· = L-<c· 
i 
(2.22) 
Using equations (2.20), (2.21), and (2.22) we transform G(a, e) into the distribution 
of post-SN circularized systems over ac and €: 
(2.23) 
where (2 - ac - €) > 0. 
The circularized post-SN systems are characterized by only one parameter, the 
orbital separation. In order to find their distribution over ac we need to integrate 
H(ac, €) over the dimensionless orbital energy €. The limits of integration are found 
by considering all the constraints that viable post-SN systems must satisfy. 
An upper limit to € is set by the geometrical constraint, that the post-SN eccentric 
orbit must include the position of the stars prior to the supernova explosion (see 
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eq. [2.23]), 
(2.24) 
The second constraint is that the post-SN system must be bound, and hence its orbital 
energy E must be negative. Since E0 has been defined to be negative, we obtain a 
lower limit for €: 
€ > 0. (2.25) 
An additional lower limit is set by the need to avoid a physical collision. This condition 
is expressed as a lower limit on a, i.e., a> c/(1-e), such that the periastron distance 
in the eccentric orbit exceeds the radius of the companion to the neutron star. Using 
equations (2.20), (2.21), and (2.25), we can rewrite this condition as: 
2c-a 
€ > c 
c2 (2.26) 
By checking for consistency (Emax > Emin) among the above limits, we find that 
from all possible values of ac only a small range is acceptable for post-SN circularized 
orbits: 
2c 
< ac < 2. 
l+c 
(2.27) 
The post-SN systems may be divided into groups depending on the value of ac. 
Systems with ac ~ 2 become unbound (E becomes negative). Systems with ac :::; 
2c/(1 + c) are bound, but all lead to a merger of the two stars. For 2c < ac < 2, 
systems are bound and they all avoid collision. In this case, Emin = 0 and Emax = 
2 - ac. Finally, systems with 2c/(1 + c) < ac < 2c are also bound, but a fraction of 
them merge. For this reason the range of acceptable energies is further constrained: 
Emin = (2c- ac)/c? > 0. Clearly, unlike the case of a symmetric explosion, where the 
supernova always results in an expansion of the orbit (Verbunt 1993), the separation 
of the circularized orbit after an asymmetric explosion may become smaller than 
the pre-SN separation. However, although the lower limit on a is extended to values 
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smaller than unity due to the kick velocity, the upper limit to the post-SN circularized 
orbital separation remains twice the pre-SN separation. 
To obtain the distribution of post-SN binaries over ac we integrate over E. This 
integration can be performed analytically, yielding: 
where: 
2 {Xo 2 J'ir lo e-x dx, 
2c 
-- < ac < 2c 
l+c 
2c :Sac< 2. 
(2.28) 
The behavior of 1l(ac) is dictated by the values of the two parameters {3 and ~· 
Using the asymptotic forms of the error function and the modified Bessel function in 
the two limits that the r.m.s. kick velocity is much larger or much smaller than the 
relative orbital velocity in the pre-SN orbit we obtain: 
1 ({33)1/4 -1 [ 1 2] !~ 1l(ac) 2V'im ac ~ exp - 2e ( 1 - ~) ' (2.29) 
( 
{3) 3/2 
lim 1l(ac) = ~ -{-+oo V 27r ~2 (2.30) 
The distribution over ac for different values of {3 and ~ is plotted in Figure 2. 7. The 
behavior of 1l(ac) is analogous to that of G(a, e). In the limit of kicks much smaller 
than the relative velocity of the stars in the pre-SN orbit, conditions approximate the 
case of a symmetric explosion, and the distribution peaks at those values of ac that 
are consistent with such an explosion: ac = 1/ {3 for {3 2'.: 0.5 (Verbunt 1993), and 
ac = 2 for {3 < 0.5. As the average kick velocity becomes comparable to Vr, smaller 
orbital separations become more abundant, and for even larger kicks, a shrinkage of 
the orbit relative to the pre-SN state is favored. 
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separations, ac, for different values of f3 and f,. 
2.3 Systemic Velocities 
During the supernova explosion, the post-SN system as a whole receives a velocity 
relative to the center of mass of the pre-SN binary. We derive the probability distribu-
tion of the systemic velocities by performing a sequence of Jacobian transformations 
of the initial distribution of kick velocities. 
We choose to work in a reference frame, in which the three axes have the same 
orientation as the one shown in Figure 2.1, but which is centered on the center of mass 
of the system prior to the supernova explosion. In this frame the vector velocities of 
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the two stars are: 
M2 (0, M M v;.,o) 
1 + 2 (2.31) 
M1 (0, - M M v;., 0), 
4 1 + 2 (2.32) 
where v;. is the magnitude of the relative velocity of the two stars. After the supernova 
explosion, V; remains the same and Vi becomes: 
(2.33) 
Hence, the systemic velocity is: 
We define the dimensionless systemic velocity Vsys = Vsys/v;.. Using equations (2.9), 
(2.10), and (2.11), we obtain: 
where: 
2 _ 2a - 1 [ ] 1;2 Vsys - K1 + K2 - K3 cos(} a(l - e2 ) , 
a 
(MNs + M2)(M1 + M2)' 
2JK1 K2. 
(2.35) 
(2.36) 
We derived above an expression (eq. (2.13]) describing the distribution of post-SN 
systems over orbital separation, a, eccentricity, e, and orientation of the orbital plane, 
cos B. Using equation (2.35) we can eliminate cos(} and transform g( a, e, cos B) into a 
distribution over a, e, and the magnitude of the systemic velocity, Vsys: 
( f3 ) 3/2 s(a, e, Vsys) = 27!"~2 4evsys [( 1 ) ( 1 _1 e-a)]-1/ 2 K3 a (1 - e2 ) a - 1 + e 
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circularized orbits, ac, and systemic velocities, Vsys, for /3 = 0.6 and ~ = L 
[ 
1 ( 2a-1 )] [131/2 ( 2a-1 2 )] X exp - 2e j3 a + 1 exp K3e K1 + K2 a - V sys 
[ 
2]-1/2 ( K1 + K2(2a - 1)/a - v;ys) 
x 1 - K~a(l - e2 ) (2.37) 
The above expression is valid in the general case of Vkx =/=- 0 and Vkz =/=- 0. The 
special case of Vkx = 0 has already been discussed and corresponds to the pre-SN 
orbital separation becoming either the periastron or the apastron distance in the 
post-SN eccentric orbit (see eq. [2.15]). In the special case of Vkz = 0, the plane of 
the orbit remains unaffected by the explosion, since the kick velocity is restricted in 
the x - y plane, which is the orbital plane prior to the explosion (see eq. [2.11], [2.35] 
and Figure 2.1). The derivation of the probability density for these special cases is 
described in Appendix C. 
It is also interesting to study how the systemic velocity imparted to the bi-
nary during the supernova explosion correlates with the orbital separation after 
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the circularization. We transform s(a, e, Vsys) to a distribution over (ac, <=, Vsys) (see 
(2.38) 
and we need to integrate over orbital energies, t. The above distribution has three 
poles in <:; for clarity we rewrite it as: 
where 
K1 + 2K2 - v;ys - K3 ~ 
K2 
K1 + 2K2 - v;ys + K3~ 
/'\,2 
All three poles are numerically integrable except in the special case that: 
(2.40) 
In this case, the two-dimensional distribution F(ac, Vsys) becomes infinite along the 
line defined by equation (2.40). However, it is still integrable over O'.c and Vsys, so 
that the final integral is finite. A sample distribution F(ac, Vsys) for a specific choice 
of Mi, M 2 , and~' and for c = 0 is shown in Figure2.8. The spikes correspond to the 
pole (eq. (2.40]). The limits on O'.c are in agreement with equation (2.27), while the 
limits on Vsys are discussed in the next section. 
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We can obtain the distribution of systemic velocities only, :F( Vsys), by further 
integrating over ac. Sample distributions normalized to the total survival fraction 
for different values of ~ are given in Figure 2.9. It is evident that the limits imposed 
on Vsys are independent of the characteristics of the kick velocity distribution. As 
the magnitude of the kick velocity increases the systemic velocity remains restricted 
to a certain range of values specified by the stellar masses. Within this range, the 
distribution function of Vsys shifts towards larger velocities as~ increases, reaching an 
asymptotic distribution for~~ 3, independent of~ (see Figure2.9). As in the case 
of the one-dimensional distributions over eccentricities and orbital separations (see 
eq. [2.18] and [2.19]), this behavior is due to the fact that for ~ » 1, the exponential 
terms in equation (2.38) approach unity, and only the normalization constant depends 
on~· In this limit the normalized distribution of systemic velocities depends only on 
the stellar masses involved. 
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2.3.1 Limits on the systemic velocity 
Scrutiny of equation (2.38) shows that there exists an upper and a lower limit to the 
values of the systemic velocities, since the expression shown is real only if 
(2.41) 
or 
(2.42) 
In addition, we have already derived limits on E and ac (eq. (2.24] - [2.27]). By taking 
these into account, we can find the absolute lower and upper limits on Vsys: 
Vsys < .JK:l. + V2/0. 
Vsys > l.JK:l. - ~I > .JK:l. - V2/0., (2.43) 
The last inequality is true if M 1 > 2 MNs = 2.8 M0 ( eq. (2.36]), assuming a neutron 
star gravitational mass equal to 1.4 M0 . This condition is satisfied for all the pro-
genitors of LMXBs forming via the He-star and direct supernova mechanisms (see 
Chapters 4, 5 and Kalogera & Webbink 1996b; Kalogera 1997), and for most of the 
HMXB progenitors (Portegies-Zwart & Verbunt 1996). Therefore, the maximum and 
minimum systemic velocities are: 
vmax 
sys 
vmin -
sys 
M1 MNs./2, 
~~~-+~~~~~~~~~~~ 
M1 + M2 (MNs + M2) 1/ 2(M1 + M2)112 
M1 MNs./2, 
M1 + M2 (MNs + M2)112(M1 + M2)112' 
(2.44) 
for M1 > 2MNs (2.45) 
The above upper limit on Vsys is in agreement with the one found by Brandt & Pod-
siadlowski (1995), while the lower limit (eq. (2.45]) is stricter than theirs. Inspection 
of equation (2.44) shows that a maximum value of vr;;;~x exists in the limit that (i) 
M 2 is equal to zero and (ii) M 1 is equal to the minimum possible mass of a neutron 
star progenitor, rv 2.2 M0 (e.g., Habets 1985). In this limit, the maximum of vr;;;~x 
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is rv 2, and hence the systemic velocity of a bound post-SN binary can never exceed 
twice the value of the pre-SN relative orbital velocity, regardless of the magnitude of 
the kick velocity and the masses involved. Therefore, it becomes clear that high kick 
velocities do not necessarily result in high systemic velocities, as well. 
Both upper and lower limits on systemic velocities can be understood physically. 
The maximum systemic velocity is acquired by that binary for which the neutron 
star receives a kick velocity oriented opposite to the pre-SN orbital velocity with 
a magnitude, such that its post-SN kinetic energy is just below its binding energy. 
The minimum systemic velocity is acquired by that binary in which the neutron 
star receives a kick velocity with the smallest possible magnitude needed to avoid 
disrupting the system due to mass loss. It is important to re-emphasize that neither 
the upper nor the lower limits depend on the kick velocity distribution. 
2.4 Survival Probabilities 
The total survival probability of a binary system with specific initial orbital charac-
teristics is of interest to studies of the statistical properties of an entire population of 
binaries. We can obtain this survival probability by integrating over the distribution 
of circularized dimensionless orbital separations, 1l(ac)· This integration can only be 
performed numerically, but it is straightforward since the function has no poles and 
the limits of integration are well-defined (eq. [2.27]). 
Clearly, kick velocities to neutron stars may bind systems that would otherwise 
be disrupted, or disrupt those that would have remained bound. If the average 
kick velocity is large compared to the initial relative orbital motion of the binary 
components then survival depends on the small probability that the kick velocity is 
itself small and directed opposite to the original motion of the collapsing component. 
If the ratio of kick velocity to initial relative orbital velocity is small, then the survival 
rate of systems that would otherwise be disrupted falls very rapidly as this ratio 
39 
c 
0 
·.o::; 
(.) 
~ 
-
ell 
> 
.4 
"2: .2 
:::J 
en 
0 
0 
M 1=8.6 ~ 
M2=1.0 M0 
1 
2 112 I <Vk > =100 km s 
M 1=3.8 M0 
M2 =1.0 M0 
3 4 
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exploding star. In the case of a symmetric explosion, systems with M 1 = 3.8 M0 
remain marginally bound, while systems with M 1 = 8.6 M0 do not survive. 
decreases. Asymptotically, we have, respectively 
lim f
2 
H(a:c)da:c 
{-+oo J2c/(l+c) 
lim f
2 
H(a:c)da:c 
{-+0 J2c/(l+c) 
4 (1-c)! ({3)! 
3J7f (1 - c2 ) e 
~ [ 1 + erf (~A)] (2.46) 
The survival fractions for a wide range of values of~' and for two different values 
of {3, are shown of Figure 2.10. In this illustration, ~ is varied by keeping the r.m.s. 
kick velocity constant, while allowing the pre-SN orbital separation to vary. Among 
those systems that would remain bound if collapse were symmetric ( M 1 = 3.8 M0 and 
M 2 = 1.0 M0 ), kick velocities will tend to unbind widely separated binaries, for which 
the relative orbital motion falls below the kick velocity. Among systems that suffer so 
much mass loss in a supernova that they would otherwise be disrupted (M1 = 8.6 M0 
and M 2 = 1.0 M0 ), kick velocities will favor the survival of binary systems in just 
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that range of separations where the relative orbital velocity is comparable to the mean 
kick velocity. 
2.5 Conclusion 
The expressions derived here provide a tool necessary in analytical population syn-
theses of neutron star binaries. The additional step needed in such syntheses is to 
convolve the distribution over post-SN parameters with the distribution of pre-SN 
binaries over masses and orbital separations (see also Wijers et al. 1992). This link 
depends on the type of final systems and the specifics of their formation mechanism. 
In addition, the distribution functions of systemic velocities and their correlation 
with orbital separations and eccentricities (or circularized orbital separations) can be 
used in studying the motion of neutron star binaries in the Galactic potential, and in 
modeling their spatial distribution in the Galaxy. 
The results of the study presented in this Chapter have a number of important 
implications concerning the population of neutron star binaries: 
There exists a correlation between orbital separations and eccentricities, which is 
independent of the characteristics of the binary or the magnitude of the kick velocity. 
For post-SN orbits much wider than the pre-SN orbit, the total energy of the binary 
significantly increases, and the system remains bound only in a highly eccentric orbit. 
On the other hand, the eccentricity may be low (e ~ 0.4) only if the post-SN orbital 
separation is comparable to that before the explosion. The discovery of a double 
neutron star system of modest eccentricity could therefore be used to infer the size of 
the orbit of its progenitor, provided that the gravitational radiation decay time scale 
for the orbit were long enough for such losses to be negligible. 
The ratio of the post-SN systemic velocity, V':sys, to the pre-SN relative orbital 
velocity, V,., is restricted in a relatively narrow range of values. Both lower and 
upper limits depend only on the stellar masses involved. For the ranges of progenitor 
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masses relevant to HMXBs, LMXBs, and double neutron star binaries we find ~7)'%x ;S 
1.5 Yr. Since LMXB progenitors are more tightly bound than those of HMXBs, and 
hence have higher relative orbital velocities than HMXB progenitors, the systemic 
velocities of LMXBs are expected to be higher than those of HMXBs. It is also clear 
that measurements of systemic velocities of neutron star binaries do not necessarily 
reveal information about the kick velocities imparted to neutron stars in individual 
systems. Instead, they can be used to infer typical relative orbital velocities prior to 
the supernova explosion. 
Although the allowed range of systemic velocities is independent of the kick veloc-
ity, the probability distribution within this range does depend on the r.m.s. magnitude 
of kick velocities relative to the pre-SN orbital velocities. In the limit of very small 
kicks the distribution sharply peaks at values close to the lower end of the range. 
As the r.m.s. of the kick velocities increases the distribution becomes broader and 
its peak shifts to higher velocities. For kicks much higher than the pre-SN relative 
orbital velocities, the shape of the distribution remains unaffected, and further in-
creases of the r.m.s. kick velocity only decrease the binary survival rate, without 
altering the velocity distribution of bound post-SN systems. Measurements of the 
systemic velocities of neutron star binaries will possibly prove quite significant in dis-
tinguishing between symmetric and asymmetric explosions with high kicks imparted 
to the neutron stars. 
The incidence of X-ray binaries in globular clusters relates to their smallest pos-
sible systemic velocity and to how this velocity compares with the escape velocity 
from the cluster. For LMXBs formed via the explosion of the He-star remnant of a 
common envelope phase, typical parameters for the progenitors yield ~7:1n ~ 100 km 
s-1 (Chapter 4 or Kalogera & Webbink 1996b). The direct-SN channel (Chapter 5 
or Kalogera 1997) is fed by binaries with orbits which are much wider, but still small 
enough to avoid disruption by dynamical interactions. Typical parameters in this 
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case yield ~r;;n '.:::::'. 20 km s-1 . Estimates of the escape velocities from the cores of 
globular clusters that contain LMXBs range from 30 kms- 1 to 60 km s-1 (for NGC 
1851, 6440, 6441, 6624, M15, and Lil 1); more loosely bound clusters such as Ter 1 
and 2 have central escape velocities of the order of 10 km s-1 (Webbink 1985b; van 
Paradijs 1995). It is therefore clear that post-SN binaries formed in globular clusters 
from primordial binaries via the He-SN channel have a very small chance of remain-
ing in the clusters and becoming X-ray binaries. LMXBs formed via the direct-SN 
channel, on the other hand, will remain in the clusters, but their formation rate is too 
low to account for a significant fraction of the LMXB population in globular clusters. 
Barring accretion-induced collapse as an alternative formation channel, it therefore 
appears that low-mass X-ray binaries observed in globular clusters must have formed 
through stellar exchanges and captures, rather than directly from primordial binaries. 
We have already applied the analytical method presented here to study low-mass 
X-ray binaries formed via different evolutionary channels. The results of these popula-
tion synthesis calculations will be presented elsewhere (see Chapters 4, 5 or Kalogera 
& Webbink 1996b; Kalogera 1997). 
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Chapter 3 
Constraints on Hydrogen-Rich 
Donors at the Onset of the X-ray 
Phase* 
3.1 Introduction 
A distinct feature of binary star systems is the possibility of mass transfer between 
their members, which can influence their evolution in many, often unexpected, ways. 
If the orbit is small enough, one (or both) of the binary members fills its inner common 
equipotential surface (Roche lobe) and matter flows towards its binary companion. 
Depending on the responses of the mass-losing star and of the Roche lobe, mass 
transfer may proceed on a short time scale (thermal or dynamical), decreasing enor-
mously the a priori probability of the system being observed during this phase. On 
the other hand, mass transfer on longer time scales (e.g., nuclear) can be very long 
lived, allowing the mass-losing star to remain in hydrostatic and thermal equilibrium. 
In this case the system has an increased probability of being observed, and indeed 
several different kinds of binary systems are observed during a mass transfer phase. 
It is often the case that the presence of a group of binaries is revealed just because 
of the interaction between its members, as the process of mass transfer can lead to 
*Adapted with style changes from "Formation of Low-Mass X-Ray Binaries. I. Constraints on 
Hydrogen-Rich Donors at the Onset of the X-ray Phase" that appeared in The Astrophysical Journal, 
458, 301-311, 1996 February 10, by V. Kalogera & R. F. Webbink. ©American Astronomical Society. 
44 
strong emission at wavelengths where single stars are inefficient emitters. 
Low-mass X-ray binaries (LMXBs) belong to one of the distinct groups of inter-
acting binaries that would not have been detected as X-ray sources in the absence of 
mass transfer. A LMXB is believed to consist of a low-mass main-sequence or giant 
branch star and a compact object, a neutron star or black hole (e.g., van Paradijs 
1991). The low-mass star overflows its Roche lobe and matter is accreted by its 
compact companion. The observational properties of these systems indicates that 
mass transfer is able to proceed for an appreciably long time and their typical X-ray 
luminosities correspond to sub-Eddington mass accretion rates ("' 0.01 MEdd up to 
MEdd)· The absence of observed companions more massive than "' 2 M0 has been 
attributed (van den Heuvel 1975) to their inability to transfer mass in such a mode 
that the system becomes a persistent long-lived X-ray source. In this Chapter we 
will examine the constraints that a system consisting of a neutron star and a normal 
star must satisfy in order to sustain mass transfer at a rate appropriate to observed 
LMXBs for an appreciable interval in their evolution. The range of allowed donor 
masses and orbital separations will be identified. 
The motivation for the present study arises from our interest in population syn-
thesis calculations (Romani 1992; Webbink & Kalogera 1994; Iben, Tutukov, & Yun-
gel'son 1995) for the origin of LMXBs. In the course of our studies, we have come to 
realize that a way of identifying systems observable as LMXBs constitutes a major 
element of synthesis calculations. The criteria we develop below specifying the pa-
rameter space (donor mass and orbital separation) occupied by newly formed LMXBs 
apply to any evolutionary channel leading to LMXB formation. These criteria also 
provide initial conditions for studies of their secular evolution. 
We shall see below that the parameter space available to nascent LMXBs is circum-
scribed and divided by a variety of criteria, relating to (i) the thermal and dynamical 
stability of the donor, (ii) the nature of mass transfer (and especially of systemic 
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mass and angular momentum losses which may accompany it), and (iii) the age of 
the parent population. The first two types of constraints are addressed in the fol-
lowing section (§ 3.2). In the course of that discussion we will see that the range in 
donor mass and radius (and hence, implicitly, orbital period and separation) avail-
able to potential LMXBs is extremely limited, if the mass transfer process conserves 
total mass and orbital angular momentum (§ 3.2.1). Most normal star-neutron star 
configurations are unstable to either thermal or dynamical time scale mass transfer, 
producing mass transfer rates greatly exceeding the Eddington limit. Although these 
binaries may not appear as X-ray sources, the possibility of extensive mass and an-
gular momentum loss under these circumstances forces us to re-examine the stability 
issue allowing for super-Eddington losses of mass and angular momentum (§ 3.2.2). 
Exploring further the fate of donor stars in systems undergoing thermal time scale 
mass transfer, we show in the following section (§ 3.3) that, under suitable circum-
stances, they may, later in the course of that interaction, (i) recover thermal stability 
and enter a long phase of slow mass transfer, in which case they may become X-ray 
luminous; or (ii) develop full-blown dynamical instability. The limitations on possible 
LMXB donor stars imposed by the age of the parent population are described in § 3.4. 
Finally all of these constraints are collected in § 3.5, where we address some of their 
implications for the range of structural properties expected among LMXBs, and infer-
ences drawn from the observed populations of LMXBs and binary millisecond pulsars 
for the evolutionary processes which may create and link them. Appendix D pro-
vides details of the analytic expressions used to quantify the criteria and constraints 
explored in this Chapter. 
3.2 Stability of the Mass Transfer Phase 
The lifetime of any mass transfer phase depends strongly on the behavior of the mass-
losing star. When a star loses mass it first responds adiabatically on a dynamical 
46 
(very short) time scale in an effort to restore its hydrostatic equilibrium, and then on 
a thermal (longer) time scale in order to regain its thermal equilibrium. In the case 
that a star cannot remain in hydrostatic (thermal) equilibrium, it becomes unstable 
against dynamical (thermal) time scale mass transfer. For stars that are unstable 
to dynamical mass transfer, thermal stability considerations are irrelevant, since the 
dynamical time scale is orders of magnitude shorter than the thermal time scale. As 
we shall see below, for a system to qualify as an observable LMXB, it must experience 
a long-lived X-ray phase, during which mass transfer is slow and the donor is able to 
remain in hydrostatic and thermal equilibrium. 
The ability of the mass-losing star to remain within its Roche lobe depends on 
its internal structure. In stars with radiative envelopes, the entropy per unit mass 
(specific entropy) increases rapidly towards the stellar surface. It is exactly this steep 
entropy profile that suppresses convection, since a fluid element displaced upwards at 
pressure equilibrium with its surroundings has lower entropy, and hence higher density 
than the ambient medium. Mass loss on a rapid time scale, such that the star cannot 
remain in thermal equilibrium, brings to the surface gas with much lower entropy than 
that of a star of the same instantaneous mass in thermal equilibrium. The envelope 
of the mass-losing star is therefore denser, and less extended, and its radius smaller. 
Thus the existence of a radiative envelope and thermal disequilibrium enables the star 
to track its Roche lobe, and mass transfer proceeds on the time scale characterizing 
internal energy redistribution in the donor star, namely its thermal time scale (e.g., 
Webbink 1985a). In the case that the star has a deep convective envelope the specific 
entropy profile is nearly fiat (in fact it is slightly negative so that the convection 
criterion is satisfied) and mass loss results in an overall expansion, because of the 
reduction in self-gravity holding the star together. Such a star is unable to remain 
in hydrostatic equilibrium within its Roche lobe and mass transfer then proceeds on 
the dynamical time scale of the star. 
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As mass is lost from the donor both the stellar and the Roche lobe radius change, 
and the characteristics of mass transfer are determined by the interplay between the 
stellar and Roche-lobe responses. In discussing stability criteria it is convenient to use 
radius-mass exponents (see, e.g., Webbink 1985a), defined as the logarithmic deriva-
tive of radius with respect to mass: ( = d ln R/ d In M. The exponents describing the 
adiabatic and thermal-equilibrium response may be denoted by (ad and (th, respec-
tively, and the one describing the response of the Roche lobe by (L. If (L < (*, where 
(* can be either (ad or (th, then the star remains in equilibrium because, on losing 
mass, it contracts more rapidly than its Roche lobe; otherwise mass transfer becomes 
unstable. 
When the mass transfer rate remains below the Eddington critical value, we as-
sume that total mass and orbital angular momentum are conserved. For a neutron 
star of gravitational mass equal to 1.4 M0 the Eddington mass accretion rate, MEdd, 
is of the order of 10-s M0 yc1. If mass transfer proceeds on a time scale T, then 
the mass transfer rate can be approximated by "' Md/T, where Md is the mass of 
the donor. A critical do'nor mass can be estimated for which the characteristic mass 
transfer rate becomes equal to the Eddington limit, for each of the three time scales 
that describe the responses of single stars to perturbations of their equilibrium states. 
These stellar time scales are: 
• dynamical time scale 
characterizing the rate at which a star recovers its hydrostatic equilibrium after 
it has been perturbed. It can be estimated by the free fall time scale: 
1 
Tdyn ~ l/2 ~ 5 X 10-5 (G <Pd>) (
Md)-1/2 (Rd)3/2 yr 
M0 ~ (3.1) 
• thermal time scale, 
characterizing the rate at which a star responds when the balance between 
production and release of energy is perturbed. In other words, it is the time 
48 
at which the star regains its thermal equilibrium. It can be estimated by the 
ratio of the thermal energy content (in hydrostatic equilibrium) to the stellar 
luminosity: 
(3.2) 
• nuclear time scale, 
characterizing the rate at which principal nuclear fuels are exhausted. Central 
hydrogen burning is by far the longest nuclear burning phase and the corre-
sponding time scale is: 
(3.3) 
where Mc is the mass of the stellar core and f.N is the energy released per gram 
due to hydrogen burning. 
If the donor star has a convective envelope, mass transfer may be driven by angular 
momentum losses due to a magnetic stellar wind. We may estimate the characteristic 
time scale as (cf. Rappaport, Verbunt, and Joss 1983): 
where MNs is the mass of the neutron star. We have adopted a value of 'Y = 2, 
which Rappaport et al. (1983) find best reproduces the gap in the orbital period 
distribution of cataclysmic variables. 
Magnetic stellar winds alone do not appear capable of driving mass transfer at 
rates exceeding the Eddington critical rates. Mass transfer on a nuclear time scale 
becomes super-Eddington for Md ;G 4 M0 . If mass transfer occurs on a thermal time 
scale it will be super-Eddington if Md ;G 0.8 M0 . In the case that mass transfer 
proceeds on dynamical time scale, the rate exceeds MEdd by many orders of magnitude 
for all possible donor star configurations. 
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3.2.1 Limits for Conservative Mass Transfer 
Clearly, the character of mass transfer, and thus the viability of candidate LMXB 
progenitors, depends crucially on the thermal and dynamical stability of the donor 
star, and secondarily on the time scale for its evolution or for the evolution of the 
binary orbit. Let us turn, therefore, to quantifying these stability limits and their 
dependence on the binary system. 
We can calculate the limits for critical stability of the mass transfer phase by 
equating the Roche-lobe radius-mass exponent, (L, to each of the stellar exponents, 
(th and (ad· The radius of the Roche lobe, RL, around a star in a binary system can 
be expressed as a fraction of the orbital separation: 
(3.5) 
where (Eggleton 1983) 
0.49q2/3 
r - ------=-----
L - Q.6q2/3 + ln(l + ql/3) (3.6) 
and q is the ratio of the mass of the star to its companion mass. In the case of con-
servative mass transfer, both total mass and orbital angular momentum are constant. 
Conservation of total mass gives: 
Md q 1 +q' 
(3.7) 
which, combined with conservation of orbital angular momentum, yields: 
.A iJ 2(q -1) 
A q 1 +q 
(3.8) 
where q = Md/ Mg, Md being the mass of the donor and Mg the mass of the gainer. 
The radius-mass exponent of the Roche lobe then depends only on q: 
where 
4 
-(2q - 1) - (1 + q) F 
3 
F = 0.4q + (1/3)q2/3 /(1 + q1f3) 
- 0.6q + q1/3 ln(l + ql/3) 
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(3.9) 
(3.10) 
Hjellming (1989) studied the response of a mass-losing star for a wide range of 
initial stellar masses (0.25- 20.0 M0 ) at various evolutionary stages. Since the stellar 
response depends on the structure of the donor, which varies with its initial mass 
evolutionary stage, the adiabatic and thermal equilibrium mass-radius exponents are 
also functions of the donor mass and radius. 
Let us briefly summarize Hjellming's results: 
Among stars which have not appreciably evolved away from the ZAMS a reversal 
in stability hierarchy occurs at rv 0.75 M0 , where (ad = (th· More massive donors 
are dynamically stable ((ad>> 0), because their envelopes are radiative with a steep 
entropy profile (e.g., Webbink 1985a). The criterion for thermal stability thus imposes 
the more stringent constraint on the binary mass ratio. In less massive donors the 
development of convection causes the adiabatic exponent to decrease significantly and 
the dynamical stability criterion becomes the more stringent one. 
The thermal and adiabatic radius-mass exponents of a star are also strong func-
tions of the star's evolutionary state. An example of these variations, for a fairly 
typical star of mass 2M0 , may be found in Figure3.1, where they are plotted not 
as a function of time, but as a function of stellar radius, this being the parameter of 
interest for mass-transfer studies. The monotonic decrease in (th seen there during 
main-sequence evolution is typical of more massive stars, but is moderated for lower 
masses. Below rv 1.3 M0 , (th remains essentially constant through main-sequence 
evolution. The dramatic decrease in (th of an intermediate-mass star during its sub-
sequent expansion through the Hertzsprung gap is also apparent in Figure 3.1, and 
reflects the tendency of single stars in this mass range to expand toward the giant 
branch at rates approaching a thermal time scale for larger masses. The range in 
log R of this expansion increases dramatically with increasing stellar mass, and so 
then does the extent to which (th becomes more negative, a strongly destabilizing ef-
fect. Conversely, this behavior is strongly moderated at lower mass. As a star finally 
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Figure 3.1: Radius-mass exponents of a 2 M0 star throughout its evolution (data 
taken from Hjellming 1989). Adiabatic and thermal exponents are indicated by open 
and filled circles, respectively. 
approaches the base of its giant branch evolution, it develops a surface convection 
zone which deepens very rapidly, and single stars more massive than ,....., 1.3 M0 un-
dergo momentary contraction. This behavior is inherently stabilizing, with respect 
to mass transfer, and produces the abrupt increase in (th seen at this point (BGB) 
in Figure 3.1. During the subsequent evolution of a star up the giant branch, its re-
sponse to mass loss is dominated by its deep convective envelope, and the adiabatic 
radius-mass exponent, (ad, becomes the threshold of interest. In short, the evolu-
tionary expansion of a star is accompanied by diminished inherent stability against 
thermal time scale mass transfer, until, at the base of the giant branch, the stability 
criterion abruptly changes to one of dynamical stability. 
Given a specific mass for the accreting star, critical donor masses for transition 
to thermal or dynamical time scale mass transfer can now be found by coupling their 
stellar responses to those of their Roche lobes. The critical donor masses for a specific 
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gainer mass can be found by coupling the stellar response to that of the Roche lobe 
around the donor. 
For stars on the main sequence the thermal equilibrium radius, Rth, can be ex-
pressed as a function of the initial mass of the donor Md, the central hydrogen fraction 
at the onset of mass transfer Xe, and the decreasing mass of the donor M~, as mass 
transfer continues (eq. [D.7], [D.12]). The thermal exponent can then be calculated by 
differentiation of this mass-radius relation. By specifying the gravitational mass of 
the neutron star MNs and equating (th to (L, we find threshold masses, above which 
donors become unstable against thermal time scale mass transfer. The corresponding 
curves of critical donor mass, Md, for MNs equal to 1.2, 1.4, and 1.6 M0 are shown 
in Figure 3.2. 
For stars crossing the Hertzsprung gap, we use the thermal exponents given by 
Hjellming (1989) to find the minimum gainer mass needed for stability, M{(c.G, as a 
function of the donor mass, Md, and position in the gap (eq. [D.13]). By equating this 
minimum gainer mass with MNs, we can then find the maximum donor mass consis-
tent with thermal stability (see Figure3.2). The prominent extension of the thermal 
stability curves to high donor mass just before the base of the giant branch is due to 
the incipient contraction typical of intermediate-mass stars as they reach the giant 
branch, a phenomenon which enables more massive donors to track (momentarily) 
the Roche-lobe radius. We note here that the limiting curves for thermal stability 
are discontinuous as stars move from the main sequence into the Hertzsprung gap, 
because between the end of the main sequence and the beginning of the Hertzsprung 
gap, as we define them, a short-lasting phase of overall contraction intervenes. During 
this contraction phase, mass transfer cannot be initiated (the donor would already 
have filled its Roche lobe on the main sequence), and so this phase is of no concern 
in the present context. 
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Figure 3.2: Radius-mass diagram for donor stars. Heavy solid lines mark the loci of 
zero-age main sequence stars (ZAMS), terminal main sequence stars (TMS), and stars 
at the base of the giant branch (BGB). Thin lines mark critical (maximum) donor 
star masses for three choices of neutron star gravitational masses. Critical masses on 
the main sequence (between ZAMS and TMS) and in the Hertzsprung gap (between 
TMS and BGB) are limits for thermal stability, those on the giant branch (above 
BGB) for dynamical stability. Donors to the right of these lines are unstable, while 
those to the left are stable. Also shown (lines with heavy dots) are critical (maximum) 
radii beyond which nuclear evolution drives super-Eddington mass transfer. Critical 
masses and radii all assume conservative mass transfer. 
For donors which have evolved beyond the base of the giant branch, thermal stabil-
ity considerations become irrelevant. The development of deep convective envelopes 
renders these stars unstable to dynamical time scale mass transfer as soon as a criti-
cal mass ratio is exceeded. In fact, the equilibrium radius of such a star can be well 
approximated as a function of the core mass only (Webbink, Rappaport, & Savonije 
1983); since mass loss from the envelope does not influence the growth of the core, the 
thermal radius-mass exponent (th hovers near zero. We therefore use the adiabatic 
exponents (ad (Hjellming 1989) to fit the critical gainer mass Mffc8 (eq. [D.15]), and 
calculate the maximum donor masses consistent with dynamical stability (Figure 3.2). 
54 
Stars which have evolved beyond the base of the giant branch transfer mass on 
their nuclear time scale, if they have masses small enough for dynamical stability. 
However, it is possible that this time scale itself becomes short enough to drive mass 
transfer at super-Eddington rates. Following the formulation presented by Webbink et 
al. (1983), we can calculate the limiting stellar radius at which the mass-transfer rate 
reaches the Eddington limit (lines with heavy dots in Figure3.2). Stars exceeding 
this maximum radius are then able to maintain hydrostatic equilibrium, but may 
transfer mass in a non-conservative way. Scrutiny of Figure 3.2 shows that giant 
donors exceed the Eddington limit due to their own nuclear evolution before they 
become dynamically unstable. 
3.2.2 Eddington-Stabilized Mass Transfer 
We have assumed until now that super-Eddington mass transfer rates exclude poten-
tial candidates for nascent LMXBs. But we should re-evaluate what happens in this 
case because mass transfer need no longer be conservative, and that fact alone will 
affect the limits for thermal and dynamical stability. 
Although there have been several attempts to model super-Eddington accretion 
(e.g., Klein, Stockman, & Chevalier 1980; Burger & Katz 1983), a general consensus 
regarding the physical characteristics and the outcome of this phase does not yet 
exist. The time-dependent and multi-dimensional character of the process by no 
means facilitates its modeling. In the absence of a clear physical picture we will 
assume that the neutron star can accrete matter only up to the Eddington mass-
transfer rate (MEdd) and any excess material lost from the donor is eventually lost 
from the system carrying away a specific angular momentum equal to the specific 
orbital angular momentum of the neutron star. Viewed in terms of the energetics of 
accretion, this idealization appears at least plausible. Formally, the Eddington limit is 
defined in terms of force balance between radiation and gravity. To eject matter, one 
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must still, at a minimum, provide the local binding energy. However, in the case of a 
neutron star accreting matter from a non-degenerate donor, the energy released per 
unit mass accreted is of order 105 times greater than the binding energy at the inner 
Lagrangian point, so we envision super-Eddington accretion as extremely efficient at 
expelling excess matter from the accretion flow. 
In order to re-evaluate the stability limits in the case of non-conservative mass 
transfer, we need to evaluate the radius-mass exponent of the Roche lobe. We define 
the parameter f3 as the fraction of the mass lost from the companion and is accreted 
onto the neutron star, so: 
f3 = (3.11) 
where MEdd and f3 are defined to be positive. The remaining fraction, 1 - (3, of 
mass lost by the donor is assumed lost from the binary, carrying with it an angular 
momentum content per unit mass equal to that of the neutron star in its orbit, on 
the grounds that the matter outflow is driven by accretion energy dissipated mostly 
within ,...., (3-1 radii of the neutron star. The rate of change of Md and A are then 
functions of q and {3: 
<j 1 
q 1 + {3q 
<j 2q2 - (1 - f3)q - 2 
q (l + f3q)(l + q) 
We also obtain the Roche-lobe radius-mass exponent for 0::; f3:::; 1: 
( = 2q2 - (1 - f3)q - 2 + (1 + {3q)(~ - F) 
~ l+q 3 
(3.12) 
(3.13) 
where F has been defined in equation (3.10). For f3 = 1 we recover the expressions for 
conservative mass transfer (eq. [3.7), [3.8), [3.9)). However, we have seen above that, 
where thermal or dynamical limits are violated, the characteristic mass-transfer rates 
exceed the Eddington limit by orders of magnitude. We are therefore interested in 
examining the consequences of equation (3.13) in the limit that f3 ~ 0, and henceforth 
refer to mass transfer in this mode as "Eddington mass transfer" . 
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Figure 3.3: Roche lobe radius-mass exponent as a function of mass ratio q for dif-
ferent fractions of mass lost from the system (3. The value of (3 = 1 corresponds to 
conservative and (3 = 0 to "Eddington" mass transfer. 
Comparison between the Roche lobe exponents for conservative and non-conservative 
mass transfer shows that as the fraction of mass lost from the system (1- (3) increases, 
the Roche-lobe exponent decreases systematically (Figure 3.3). This results in a sta-
bilization of mass transfer because more massive stars are able to satisfy the stability 
criterion ((Lf3 < (*). The critical curves corresponding to the extreme case of Edding-
ton mass transfer ((3 = 0) are shown in Figure 3.4 for different evolutionary stages 
of the donor and for three different neutron star gravitational masses (1.2, 1.4, and 
1.6 M0 ). The limiting curves for other values of (3 (from 0 to 1) lie towards smaller 
masses as the value of (3 increases and systems move from the case of Eddington mass 
transfer to the conservative case. 
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Figure 3.4: Radius-mass diagram as in Figure 3.2, but in the limit of "Eddington" 
mass transfer. 
3.3 The Fate of Thermally Unstable Systems 
3.3.1 The Delayed Dynamical Instability 
Beyond the limits just derived, even the Eddington mode cannot stabilize mass trans-
fer against thermal or dynamical time scales. 
If a donor has evolved beyond the base of the giant branch, the time scale of mass 
loss approaches the dynamical time scale, and a large amount of mass is deposited 
onto the neutron star in an extremely short time, quenching any X-rays from the sys-
tem and most probably creating a common envelope around it. Even if the spiral-in 
of the core and the neu_tron star eventually expels the common envelope, the emerging 
system will not appear as a LMXB: in its subsequent interaction, gravitational radi-
ation alone will drive super-Eddington mass transfer once again (Pringle & Webbink 
1975; Tutukov & Yungel'son 1979). It is conceivable that, in the interim, the system 
becomes a binary radio pulsar, but the study of this phase is outside the scope of this 
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Chapter. 
On the other hand, donors on the main sequence or in the Hertzsprung gap have 
radiative envelopes and, although they are able to remain in hydrostatic equilibrium, 
they drive mass transfer on their thermal time scale. Hjellming (1989) has shown 
that sustained mass loss on a thermal time scale can eventually lead to dynamical 
instability. This kind of an instability he labeled as "delayed dynamical instability"; 
a model calculation of a specific system developing this instability may be found in 
Webbink (1977). Physically, it is a consequence of the fact that the ambient specific 
entropy in a star with a radiative envelope rises very rapidly, mass-wise, towards the 
stellar surface. Most of the volume of the star is filled with this high-entropy, low-
density gas of the envelope, but the amount of mass contained in it is very small. As 
rapid mass transfer continues, the high-entropy gas is lost, and since the star does not 
have time to relax to thermal equilibrium, the steep entropy profile is stripped away, 
and low-entropy gas from the interior appears in the surface layer. At this point, 
the stellar envelope becomes nearly isentropic and tends to expand as more mass is 
lost. If contraction of the Roche lobe has not abated enough to accommodate this 
behavior, a dynamical instability develops. 
A critical initial mass ratio, qcdd, for the delayed dynamical instability can be 
estimated by finding that RL curve which is just tangent to the Rad curve (stellar 
radius in hydrostatic equilibrium but with adiabatic expansion in response to mass 
loss) for some mass smaller than the initial one (i.e., (LO = (ad at this mass). In 
making this estimate, we note that in thermal time scale mass loss, thermal relaxation 
within the donor star occurs primarily in its surface layers, which are immediately 
lost; the deep interior responds nearly adiabatically. The critical mass ratio, qcdd, 
thus marks the case where the adiabatic expansion of the deep interior can just 
barely be accommodated within the Roche lobe. The corresponding critical curves 
in the log Md - log Rd plane are shown in Figure 3.5 for three different neutron star 
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Figure 3.5: Critical (minimum) donor masses for the development of a delayed dy-
namical instability for three different neutron star masses. 
gravitational masses. Donors with masses exceeding these limits develop delayed 
dynamical instability and eventually experience common-envelope evolution. 
3.3.2 Survival of Thermally Unstable Systems 
The stability criteria that newly interacting normal star-neutron star binaries must 
satisfy in order to become LMXBs reveal the existence of a distinct group of systems, 
which do not immediately become LMXBs upon interaction, but may survive to 
become LMXBs. This group includes systems with donors first filling their Roche 
lobes on the main sequence or while crossing the Hertzsprung gap which are not able 
to maintain thermal equilibrium, but which avoid the growth of a delayed dynamical 
instability. Since mass transfer rates in these systems are super-Eddington by more 
than an order of magnitude (and their lifetime is very short), we presume that they do 
not appear as LMXBs. However, given that Eddington mass transfer may suppress 
the thermal or dynamical instability, which would otherwise lead to common-envelope 
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formation, we wish to explore the possibility that mass transfer eventually subsides 
to sub-Eddington rates after a certain amount of mass is lost from the donors, in 
which case the systems may become LMXBs. For those systems which survive the 
Eddington mass-transfer phase, we seek as well to identify the area in the parameter 
space they occupy when they enter a long-lived X-ray phase. 
Stabilization of the flow becomes possible mainly because of the behavior of the 
Roche lobe radius as the mass of the donor decreases. The systems of interest here 
transfer mass on a thermal time scale, at rates of,....., 10-6 M0 yc1 , about two orders of 
magnitude higher than the Eddington limit (,....., 10-s M0 yr-1 for the assumed neutron 
star masses). Therefore, to a very good approximation, the total mass lost from the 
donor is lost from the system as well (Eddington mass-transfer). In this case the 
Roche-lobe radius at any instant after the onset of mass transfer is given by: 
RL _ rL(q') l+q (q) 2 [2(' )] - - -- -- - exp q -q, 14 rL(q) 1 + q' q' (3.14) 
where 14 is the stellar radius at the onset of mass transfer (equal to the Roche-lobe 
radius at that time), q is the initial mass ratio equal to Md/MNs and q' = q(M~/Md)· 
This equation is in agreement with one (eq. [D.7]) given by Bhattacharya & van den 
Heuvel (1991) after correcting for two typographical errors in their work: q mif mg 
instead of q = mi/m2 and exp(2(q0 - q)) instead of exp(2(q - q0 )) (Bhattacharya 
1995) . The behavior of the Roche lobe radius as the lobe-filling star loses mass 
is qualitatively the same in Eddington mass transfer case as in conservative mass 
transfer. As the stellar mass M~ decreases, RL decreases as well until it reaches a 
minimum and starts increasing for even smaller masses. If the Roche-lobe radius of 
the donor then becomes large enough to exceed the thermal equilibrium radius of 
the star, the donor may be able to relax to equilibrium, and the system becomes a 
LMXB. 
We can estimate the point at which the donor recovers thermal equilibrium, 
as follows. For donors that started transferring mass at some time during their 
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Figure 3.6: Areas in the parameter space occupied by donors initially unstable to 
thermal time scale mass transfer (MS1 and HG1) and those they occupy when they 
emerge from rapid mass loss (MS2 and HG2, respectively). A neutron star gravita-
tional mass MNs = 1.4 M0 is assumed. 
main-sequence evolution, the thermal-equilibrium radius Rth is given by equations 
(D.7, D.12). Using this equation and equation (3.14) we can find that donor mass, 
M~, at which the Roche lobe radius grows equal to Rth and the star is able to restore 
its thermal equilibrium. Both the parameter space occupied by the initially unstable 
donors and the area over which these donors appear when they appear as LMXBs are 
shown in Figure3.6 (regions MS1 and MS2 , respectively), for a 1.4 M0 neutron star. 
All systems with donors that start transferring mass on the main sequence eventually 
survive the rapid mass-transfer phase and become LMXBs. Because shrinkage of the 
Roche lobe is more severe for more massive donors (Figure 3. 7), but the equilibrium 
radii of stripped donors, Rth, are generally comparable to their initial radii, initially 
more massive donors lead to the least massive LMXB donors. The region MS2 is 
therefore related to region MS1 by a reflection through the line of marginal stability 
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Figure 3. 7: Roche lobe radius as a function of decreasing mass ratio q for two values 
of initial mass ratios Qi in the limit of "Eddington" mass transfer. 
separating them. 
A similar process may occur among donors which start transferring mass while 
they are crossing the Hertzsprung gap. These stars have already formed dense cores 
in their interiors, and they are evolving rapidly towards the base of the giant branch. 
Mass loss even on a thermal time scale has little effect on the rapid evolution of the 
core, which continues to contract. By the time that the Roche lobe starts expanding, 
the donor has typically evolved close to the giant branch, and therefore its equilibrium 
radius is dictated by the core mass at the base of the giant branch (Webbink et al. 
1983). A donor will survive this rapid mass-loss phase only if RL becomes equal to 
the giant branch radius appropriate to its core mass before the entire envelope is lost. 
Not all unstable systems satisfy this criterion: Donors more massive than ,...., 2 M0 
are stripped of their entire envelopes during thermal time scale mass transfer. The 
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parameter space occupied by systems that do survive eventually and the correspond-
ing area that they populate once they become LMXBs are also shown in Figure 3.6 
(regions HG1 and HG2 , respectively). Survivors (HG2 ) bear the same relationship to 
their progenitors (HGi), in the sense of more massive progenitors yielding less mas-
sive survivors, as was the case for the main sequence donors described above. LMXBs 
formed by thermal time scale mass loss from donors in the Hertzsprung gap have low 
mass companions (.:Sl M0 ) and relatively wide orbits. 
3.4 Age-Related Limits 
Apart from the set of constraints concerning stability of the mass transfer phase, 
nascent LMXBs must satisfy one additional constraint related to their age. The age 
of the Galactic disk sets an upper limit on the age of LMXBs in the disk. Therefore, to 
the extent that LMXB donors survive to the X-ray stage essentially unaltered in mass 
through any prior phase of binary interaction, their radii must be smaller than the 
maximum radii that such stars would normally attain in their undisturbed evolution 
within that time limit, a value which depends on their masses. This constraint is in 
reality age-dependent only for low-mass donors. More massive stars reach the end of 
their evolution in a time shorter than the age of the disk and no upper limit on their 
radii is imposed from age considerations. An absolute lower limit to the radius of 
the donor star also exists and is dictated by the stellar radius on the Zero-Age Main 
Sequence (ZAMS) (eq. [D.l]). 
Several estimates of the Galactic disk age exist in the literature, based mainly 
on studies of old open clusters and they cover a relatively wide range of values, 
6 - 10 x 109 yr (e.g., Demarque, Green, & Guenther 1992; Hobbs, Thorburn, & 
Rodriguez-Bell 1990). We have explored the dependence of the LMXB population on 
the Galactic disk age, and have calculated the limiting radii for three different values 
of the Galactic disk age: Tio = 0.8, 1.0, 1.2, where Tio is the age in units of 10io yr 
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Figure 3.8: Maximum donor radii for three different ages, T10 (in units of 1010 yr), of 
the Galactic disk. 
(see Figure3.8). In deriving these limits we have used the evolutionary calculations 
of Schaller et al. (1992). 
3.5 Discussion 
The structural and evolutionary constraints which we have identified above define the 
region in donor star masses and orbital separations (or orbital periods) which neutron 
star-normal star binary systems may inhabit when they first reach interaction. We 
expect only a small part of this region to produce LMXBs directly upon the onset 
of mass transfer. In a much wider range of parameters, mass transfer develops on a 
dynamical time scale, almost certainly leading to a new episode of common envelope 
evolution (which the normal star donor can only possibly survive if it has developed a 
hydrogen-exhausted, and probably degenerate core); or on a thermal time scale, which 
may develop into dynamical time scale mass transfer, stabilize at a slower (possibly 
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becoming an LMXB) in the course of mass transfer, or continue unabated until the 
donor is stripped to a degenerate core. Under conditions in which they occur in 
the present context, both dynamical and thermal time scale mass transfer invariably 
proceed at strongly super-Eddington rates, but super-Eddington mass transfer may 
also occur even in the absence of these instabilities if the donor's intrinsic evolutionary 
time scale is short enough. 
These various evolutionary channels are summarized in Figure 3.9a, which provides 
an explicit division of the donor star mass-radius plane into relevant regimes. The 
Roche lobe formalism ( eq. [3.5] and [3.6]) permits a straightforward mapping of the 
donor star mass-radius plane (Figure 3.9a) into one of donor star mass vs. orbital 
• 
period (Figure3.9b). For simplicity, we show only the boundaries for a population of 
age 1.0 x 1010 yr, with neutron star gravitational masses of 1.4 M0 ; dependencies of 
the various boundaries on age and neutron star mass are illustrated in the preceding 
figures (Figures 3.2, 3.4, 3.5, and 3.8) in the context of the criteria which define them. 
Different regions in Figure 3.9a are labeled according to the character of their mass 
transfer, using obvious notation: D - dynamical time scale; T - thermal time scale, 
S - stable dynamically and thermally (hence, slow mass transfer, on a nuclear or 
angular momentum loss time scale). Hybrid cases are represented by a dual notation: 
TS - thermal mass transfer evolving into stable, slow flow; and TD - thermal mass 
transfer developing into delayed dynamical instability. In the case of pure slow mass 
transfer, we are further able to distinguish between systems which initially transfer 
mass at super-Eddington rates (SE) from those initially sub-Eddington (SE)· Detailed 
evolutionary calculations will be needed to determine whether the stable phase of the 
hybrid case TS proceeds at sub- or super-Eddington rates. As noted above, thermal 
and dynamical phases are invariably super-Eddington. 
The dual questions of the X-ray observability of sources accreting at super-Eddington 
rates, and of their evolutionary fate, are clearly central to problems of population 
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Figure 3.9: The complete set of limits on the properties of (a) donors and (b) binary 
systems for the specific case of MNs = 1.4 M0 and T10 = 1.0. 
syntheses for LMXBs and for binary millisecond pulsars (MPSRs). We are not in 
a position to provide rigorous theoretical answers to these questions, although our 
expectation in regard to X-ray observability is that even modestly super-Eddington 
mass transfer rates may quench X-ray emission by reprocessing and thermalization of 
radiation in the immediate vicinity of the neutron star, an effect greatly amplified at 
low X-ray energies by the presence of many high ionization potential species in the 
relatively metal-rich accretion flow of the Population I binaries modeled here. 
Apart from any theoretical considerations, however, evidence that systems can 
survive a phase of super-Eddington mass transfer comes from observed systems. The 
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existence of MPSRs in circular orbits with periods exceeding the ,....., 100 d (B0820+02, 
B1310+18, B1620-26, B1800-27, and B1953+29) indicates that their progenitors (neu-
tron star-giant star systems) must have experienced a mass transfer phase. However, 
we find that giant donors transferring mass at sub-Eddington rates appear only in 
systems with P ;S 1.5 d (see Figure 3.9b ), not wide enough to leave systems with 
P > 100 d. These longer-period millisecond binary pulsars must have originated in 
systems in which the donors drove super-Eddington mass transfer (SE on the giant 
branch). Time-dependent calculations of the evolution of these systems will prove 
to be significant in understanding the origin of the long-period MPSRs. However, 
our stability analysis strongly suggests that these systems arrived at the long-period 
MPSRs stage without ever having been long-lived detectable X-ray sources. They 
may justifiably be excluded in partial resolution of a possible LMXB death rate -
millisecond pulsar birth rate discrepancy (Kulkarni & Narayan 1988; Cote & Pylyser 
1989; Lorimer 1995). 
Further evidence for the survival of systems following a super-Eddington phase 
comes from the ultra-short-period (685 s) LMXB 4U 1820-30, which is a neutron 
star probably accreting from a very low-mass (,....., 0.07 M0 ) degenerate companion 
(Stella, Priedhorsky, & White 1987; Verbunt 1987; Rappaport et al. 1987). All viable 
formation channels leading to such a binary posit that the donor originated as the core 
of a giant branch star. Even the least massive star to reach the giant branch within a 
Hubble time has developed a helium core mass of,....., 0.15 M0 , which is therefore the 
minimum initial mass of a degenerate donor. Gravitational radiation alone will drive 
mass transfer from a degenerate star of this mass at super-Eddington rates (Pringle 
& Webbink 1975; Tutukov & Yungel'son 1979;), implying that 4U 1820-30 is the 
survivor of a super-critical mass transfer phase. 
There exist a small number of very short-period LMXBs (4U 1626-67 and 4U 
1916-05) which for structural reasons (Rappaport & Joss 1984) are believed to contain 
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hydrogen deficient donors. Their composition implies that the donor stars had their 
nuclear evolution terminated abruptly late in their main sequence evolution by the 
onset of rapid mass transfer. In all probability, therefore, these systems originated 
from the region on the main sequence labeled TS (Figures3.9a, b), and are likely to 
be survivors also of a super-Eddington phase. 
Orbital periods have been measured for 24 LMXBs and in 6 of them they are 
in excess of 20 h (van Paradijs 1995). These long periods imply that mass transfer 
is driven by nuclear evolution of the donors, which have already reached the giant 
branch (Figure3.9b). We have shown that, of the region in parameter space occupied 
by donors transferring mass at sub-Eddington rates, only a small part is occupied 
by evolved stars. The extent of this region is very sensitive to the age of the parent 
population, but in any case seems unlikely to account for the observed incidence of 
systems with giant donors. On the other hand, we consider it likely that the true 
incidence of evolved donors is lower than the figures above would indicate, since selec-
tion effects favor the optical identification of systems with evolved, hence luminous, 
donors. In any event, survival through a super-Eddington phase opens avenues for 
the creation of these systems either from stars initially reaching mass transfer on 
the giant branch, and stabilized by super-Eddington mass transfer (SE), or from 
those surviving thermal time scale mass transfer initiated while they were crossing 
the Hertzsprung gap. 
In this Chapter we have restricted our study to systems containing accreting neu-
tron stars only. However, measurements of dynamical masses of compact objects in 
some LMXBs suggest that they are black holes. The estimated black hole masses span 
a range of values much wider than that of NS-masses, from ,...., 4 up to 10 M0 (Cowley 
1992; Wijers 1995). We expect that an increase of the gainer mass will result in an 
extension of the parameter space occupied by stable donors towards higher masses, 
primarily on the main sequence and the giant branch, and to a much smaller extent in 
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the Hertzsprung gap. However, the systems populating this extension transfer mass 
at super-Eddington rates, even for black hole accretors, since their nuclear time scales 
are much shorter. Because of this same sensitivity of nuclear time scale on mass, the 
expansion of sub-Eddington parameter space is almost certainly much more modest. 
We have outlined here limits for conservative and non-conservative mass transfer 
under specific idealized conditions which tend to favor stability. In reality, we expect 
additional mass and angular momentum losses to come into play. In the case of 
super-Eddington mass transfer, for example, we have ignored any contribution to the 
angular momentum of the matter outflow arising from its rotation with respect to the 
accreting neutron star. Such additional angular momentum losses tend to de-stabilize 
donors. We, therefore, regard the conditions assumed here as the most favorable for 
stability of the donor stars. 
Finally, it is important to point out that all the constraints that nascent LMXBs 
must satisfy are independent of the specific evolutionary path that their progenitors 
have followed. The relative populations of the different groups of systems discussed 
here will depend not only on the relative sizes of the areas in the parameter space 
that they occupy in Figure 3.9b, but also on their relative birth rates and lifetimes. 
The latter characteristics can be calculated via population synthesis calculations, for 
which the knowledge of the properties of nascent LMXBs is necessary, and which we 
will explore in subsequent Chapters. 
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Chapter 4 
Common Envelope Evolution of 
Primordial Binaries with Extreme 
Mass Ratios* 
4.1 Introduction 
The existence of Low-Mass X-ray Binaries (LMXBs) poses critical questions to the 
theories for the evolution of close binaries. They are believed to be accreting neu-
tron stars or possibly black holes with low-mass companions (for recent reviews see 
Bhattacharya & van den Heuvel 1991; Verbunt 1993). The major problem concerning 
their origin is that their orbits are now so small that they could not accommodate the 
advanced evolution of the progenitor of the compact object. A similar question was 
originally posed for cataclysmic binaries and a solution was suggested by Paczyriski 
(1976) : a common envelope is formed around the binary and the spiral-in of the sec-
ondary into the primary causes the envelope to be ejected and the orbit to contract 
substantially, while exposing the degenerate core of the primary as a newly-formed 
white dwarf. A common envelope phase is adequate to solve the puzzle of LMXBs, as 
well, since not only can it account for the shrinkage of the orbit, but it also reduces 
the primary mass, so that the disruptive effect of mass loss at supernova is weakened, 
•Adapted with style changes from a manuscript with title "Formation of Low-Mass X-Ray 
Binaries. II. Common Envelope Evolution of Primordial Binaries with Extreme Mass Ratios", by 
V. Kalogera & R. F. Webbink, submitted to The Astrophysical Journal. 
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increasing the chance for survival of LMXB progenitors. 
Several scenarios have been proposed for the formation of LMXBs in the galactic 
disk and three out of four invoke a common-envelope phase. One involves accretion-
induced collapse (AIC) of an accreting white dwarf. The process was first discussed 
by Whelan & Iben (1973), although in a context other than LMXB formation. A 
second scenario proposes that a massive helium core, exposed in a small orbit by 
spiral-in evolution, collapses to form a neutron star or a black hole (van den Heuvel 
1983). A variant of this evolutionary path, involving extensive wind mass loss in 
place of common-envelope evolution, has been suggested (Romani 1992) as an avenue 
for producing black-hole LMXBs. More recently, triple-star evolution has been put 
forward for LMXB formation with either a black hole or a neutron star, and involves 
the formation of a Thorne-Zytkow star by merger of a massive X-ray binary, and 
engulfment of the third component in a common-envelope phase (Eggleton & Ver-
bunt 1986). A fourth scenario has been proposed, the direct-supernova mechanism 
(Chapter 5; Kalogera 1997), which obviates the need for a common envelope phase 
and relies solely on natal kicks imparted to neutron stars to keep the systems bound 
and also decrease the orbital separation. 
All of these scenarios present plausible formation channels for LMXBs. However, 
quantitative analysis of these evolutionary channels has been hampered by our limited 
understanding of the details of the various physical processes involved (e.g., spiral-in 
process, Wolf-Rayet mass loss, asymmetric supernova explosion). It is possible to 
tailor an evolutionary model to reproduce the properties of an isolated LMXB, but 
this exercise provides little perspective on whether the putative initial conditions and 
subsequent tailoring are plausible. A more useful approach is to model the evolution 
of an entire ensemble of primordial binaries under a common set of assumptions, and 
analyze the statistical properties of the LMXB population. Such an approach has 
been taken in the past for the study of other binary populations (e.g., Lipunov & 
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Postnov 1988; de Kool 1992; Kolb 1993; Tutukov & Yungel'son 1993; Politano 1996), 
and more recently for LMXBs (Romani 1992; Iben, Tutukov, & Yungel'son 1995; 
Terman, Taam, & Savage 1996). 
Our purpose here is to model the evolution of a primordial binary population 
through a sequence of stages involving, among others, a common-envelope phase and 
the supernova explosion of a helium star, and leading to the formation of LMXBs. 
Although a direct result of our calculations if the birth frequency of LMXBs, we focus 
more on identifying the properties of LMXB progenitors and on investigating the de-
pendence of the final population characteristics on the uncertain model parameters. 
We also examine the possibility of comparing our results to observations and con-
straining the observationally undetermined properties of primordial binaries feeding 
LMXB formation. Although we study one evolutionary channel here, our techniques 
can be straightforwardly applied to other channels, and some of our conclusions hold 
for all the LMXB formation paths that invoke a common-envelope phase. 
In § 4.2 the evolutionary scenario is described in some detail. The relevant con-
straints which binaries must satisfy at various instances throughout their evolution 
and the resulting limits on the LMXB-progenitor parameter space are identified in 
§ 4.3. We find that asymmetric supernova explosions are needed to explain LMXB 
formation via the He-star SN mechanism, and describe the method to incorporate 
their effect in a synthesis calculation in § 4.4. We discuss our assumptions for the 
parent population and the synthesis method in § 4.5. The results of the population 
synthesis calculations in comparison to observations as well as their dependence on 
the input parameters are discussed in § 4.6. Our conclusions are stated in § 4.7. Fi-
nally, the set of analytic approximations employed in our model is given in Appendix 
E. 
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4.2 Description of the Evolutionary Channel 
Low-Mass X-ray Binaries have donors of mass ~1 M0 . As elaborated below, these 
donors were probably always of low mass. The primary of a LMXB-progenitor, how-
ever, must be massive enough to produce a neutron star. Its helium core, exposed 
at the end of the common-envelope phase, must therefore have been massive enough 
to reach core collapse. For these reasons, we need to consider a primordial binary 
system with an extreme mass ratio. The more massive star evolves much faster than 
its companion and is the first to fill its Roche lobe. The fact that initially the system 
had an extreme mass ratio affects its evolution in two ways: (a) The time scale for 
nuclear evolution of the primary is so much smaller than that of its companion that, 
when mass transfer begins, the secondary is practically still on the Zero-Age Main 
Sequence (ZAMS); and (b) as its mass increases the secondary relaxes toward ther-
mal equilibrium on its own thermal time scale, which is long compared to the mass 
transfer time scale, dictated by the thermal or dynamical time scale of the massive 
donor. Consequently, the transferred material cannot cool as it is accreted and the 
secondary swells up and fills its Roche lobe. In this way, a common envelope (CE) is 
created that engulfs the binary. 
Even before the formation of the common envelope, when the massive primary 
approaches its Roche lobe radius, spiral-in of the secondary is initiated, as the pri-
mary's angular momentum at synchronism exceeds one third of that of the orbit 
and the Darwin tidal instability sets in (Darwin 1879). With the formation of the 
common envelope the secondary further spirals toward the core of the primary due 
to frictional dissipation of the orbital energy. The details of the physical processes 
involved are not well understood, but it is generally accepted that, as energy is dis-
sipated in the common envelope, the envelope expands and is eventually expelled. 
The orbital energy is assumed to be deposited in the envelope with an efficiency acE 
(common-envelope efficiency). If the orbital energy is sufficient, the binary system 
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emerges with the secondary and the core of the primary orbiting each other. The 
post-common-envelope orbit is considerably smaller than the initial one due to the 
typically large ratio of the envelope mass to secondary mass (eq. [E.8]). 
Numerical calculations of the common-envelope phase (for a review, see Iben & 
Livio 1993) show that its duration is orders of magnitude smaller than the nuclear time 
scales of both the donor and the accretor. Furthermore, Hjellming & Taam (1991) 
showed that the secondary remains practically unaffected at the end of the process 
and the increase (or decrease) of its mass is insignificant (;::;1 % ) . Accordingly, we may 
assume that at the end of the CE phase the secondary preserves its mass and is still 
on the ZAMS. In addition, model calculations show that, as a rule, mass transfer once 
started will continue until the donor star is stripped down to a composition boundary 
(Paczynski 1971). We may therefore assume that the mass of the post-CE primary is 
equal to the mass within its nuclear-burning core (or within the outermost nuclear-
burning shell) at the moment it filled its Roche lobe. In this evolutionary scenario, the 
binary emerging from the common envelope evolves "quietly" as a detached system 
until the remnant core explodes as a supernova. 
It should be noted that the binary evolution both before and after the CE-phase 
is not conservative. The primaries of interest are so massive that wind mass loss is 
expected to take place before the primary fills its Roche lobe. This mass loss affects 
the structure and evolution of the primary as well as the orbital characteristics of 
the system. Moreover, the core of the primary emerging from the CE is still massive 
enough to suffer substantial wind mass loss in a way analogous to that of a Wolf-Rayet 
star. Once again the evolution of both the star and the orbit is affected. 
The supernova explosion is a crucial event in the evolution of the LMXB-progenitors. 
Most systems are disrupted, but some fraction of them must survive if they are to 
evolve further to become LMXBs. We will show later that both the survival fraction 
and the characteristic properties of the newly formed systems depend strongly on the 
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existence and mean magnitude of a kick velocity imparted to the newborn neutron 
star. 
The systems that survive the supernova event can come into contact via two 
physical processes: nuclear evolution of the secondary, and shrinkage of the orbit 
(and hence of the Roche lobe) due to angular momentum losses. Depending on the 
nature of the secondary, the physical mechanism responsible for angular momentum 
losses may be gravitational radiation and/or a magnetic stellar wind. Either way, the 
system comes into contact and mass starts flowing from the secondary towards the 
neutron star. At the time of contact we call the system a Zero-Age Low-Mass X-ray 
Binary (ZALMXB). 
4.3 Constraints and Limits on the LMXB-Progenitors 
4.3.1 Structural and Evolutionary Constraints 
Only a very small fraction of all binary systems follow the evolutionary channel de-
scribed above. By demanding that a system survive all evolutionary stages in this 
specific sequence, we are able to constrain the characteristics and physical parameters 
of the initial binaries, the LMXB-progenitors. 
A number of constraints are imposed by this scenario (Webbink & Kalogera 1994): 
1. The primary must fill its Roche lobe before it explodes as a supernova. The 
orbit of the progenitor cannot be arbitrarily large, since the system must reach 
interaction, and enter common-envelope evolution before the primary becomes 
a neutron star. 
2. The system must remain detached following the CE phase until the primary 
becomes a neutron star. This is a two-fold constraint: a) The orbit at the end 
of the CE-phase must be wide enough to accommodate the low-mass companion; 
b) it must also be wide enough not to abort evolution of the remnant core prior 
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to its supernova explosion. The post-CE primary is a helium star (He-star) 
losing mass in a copious Wolf-Rayet (WR) wind. Woosley, Langer, & Weaver 
(1995) have evolved mass-losing He-stars with masses from 4 M0 to 20 M0 , 
and found that they produce iron cores barely massive enough to collapse to 
a neutron star. We expect that an episode of mass transfer occurring early or 
midway in the evolution of the He-star will arrest the growth of the iron core, 
(by completely stripping away the helium envelope feeding it), thus preventing 
the formation of a neutron star. 
3. The system must remain bound after the supernova event. Under the assump-
tion of a symmetric supernova, there is an absolute limit on the amount of mass 
lost in the event, for the binary to survive (Blaauw 1961; Boersma 1961). If we 
take into account a kick velocity imparted to the newborn neutron star due to 
an asymmetric core collapse, then survival depends on the magnitude and the 
direction of the kick. 
4. The mass transfer phase following the formation of the neutron star must be 
appreciably long-lived. In order for the system to become a LMXB with an 
appreciable lifetime, the companion to the neutron star must remain in equilib-
rium and the mass transfer rate must not exceed the Eddington limit (MEdd rv 
10-8 M0 yr-1 ). However, we will entertain the possibility that a system initially 
transferring mass at super-Eddington rates may find the mass transfer rate 
subsiding below that limit if the companion remains in thermal and hydrostatic 
equilibrium. 
5. The post-SN system must reach interaction in a Hubble time. In order for a 
system to be included in the LMXB population, it must become a luminous 
X-ray source within a Hubble time. This means that the post-SN orbit must be 
small enough so that the secondary will fill its Roche lobe in rv 1010 yr, either 
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due to its own evolution or due to the shrinkage of the orbit caused by angular 
momentum losses. 
4.3.2 Limits on the Parameter Space of LMXB-Progenitors 
A binary system is characterized primarily by three parameters: the masses of the two 
stars, M 1 and M 2 and their orbital separation A. Eccentricity is another characteris-
tic, but we will neglect it here, assuming that tidal dissipation is efficient enough to 
destroy any initial eccentricity prior to actual mass transfer. For a scale-less distribu-
tion in orbital separation, as we will assume (§ 4.5.1), the distribution of separations 
of circularized orbits will be identical to that of the initial (eccentric) orbits, so long 
as the distribution of eccentricities does not itself vary significantly with separation 
over the range of interest. We can therefore assume equivalently that all the progen-
itors are formed with circular orbits. The constraints described qualitatively above 
substantially limit the range of values that M 1 , M 2 and A can cover and yet produce 
LMXBs. In the calculation of these limits we use a number of approximate relations 
described in detail in the Appendix. 
For specified masses1 of the primary and its companion, the first of the constraints 
listed above sets an upper limit on the orbital separations of the progenitors. This 
limit corresponds to the primaries that first fill their Roche lobe just before core 
collapse. If we choose a value for <Y.cE, we can find the corresponding upper limit on 
the post-CE orbital separations. 
The second of the constraints sets two lower limits on the orbital separations of 
the post-CE systems. One corresponds to the secondary just filling its Roche lobe 
at the end of the CE phase and the other to the He-star primary filling its Roche 
lobe just prior to core collapse. During their evolution, He-stars lose mass in a strong 
WR wind and experience a rapid growth in radius, which is more severe as the stellar 
1 In this Chapter, radii and orbital separations are expressed in terms of R0 , masses in M0 , 
orbital periods in days, and time in years. 
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Figure 4.1: Mass as a function of radius for a mass-losing star of initial mass equal 
to 15 M0 . Open circles indicate the phase of core-helium burning (after Schaller et 
al. 1992). 
mass decreases (see Habets 1985; Woosley, Langer, & Weaver 1995). The radii just 
prior to core collapse are considerably larger than those of the low-mass companions 
at ZAMS, so that the second of the constraints obviates the first one. The expansion 
of the secondary due to its own nuclear evolution prior to the supernova is invariably 
negligible, since the lifetime of the post-CE neutron star progenitor varies from 105 
to 106 yr (depending on its composition at the end of the CE phase), which is orders 
of magnitude smaller than the evolutionary time scale of the low-mass companion. 
The evolutionary sequences of mass losing stars (M < 40 M0 ) presented by 
Schaller et al. (1992) show that massive stars suffer most of their mass loss only 
during the nuclear-burning phases of the core (H and He), when there is little or no 
radius expansion. In contrast, rapid growth in radius occurs between core hydrogen 
exhaustion and core helium ignition and again after helium exhaustion. During these 
phases of rapid expansion, the stellar mass is nearly constant (Figure 4.1). If mass 
79 
is lost to infinity from one or both components of a binary, and carries with it a 
specific angular momentum equal to the orbital angular momentum per unit mass of 
its source component(s), then the binary separation varies as the inverse of the total 
mass of the binary (Jeans mode of mass loss). During core He-burning slow expan-
sion but extensive mass loss characterizes massive stars and we find that the rate of 
Roche-lobe expansion due to systemic mass loss invariably exceeds the evolutionary 
rate of stellar expansion. Therefore, the primary can only fill its Roche lobe either 
(i) before central He-ignition or (ii) after central He-exhaustion. In the first case, 
the post-CE primary will be a helium star with a lifetime of rv 106 yr (Habets 1985) 
losing mass in a Wolf-Rayet wind. These stars apparently lose most of their mass 
during this phase, leading to some orbital expansion, but they also develop denser 
cores and much more extended envelopes at lower masses than would otherwise be 
the case. The net effect is to demand a much larger post-CE binary separation to 
accommodate the evolutionary expansion of the core He-burning primary than would 
be the case if it evolved at constant mass. In the second case, where the common 
envelope is formed after central He exhaustion in the massive progenitor, the post-CE 
primary is again a helium star but has a C-0 core. It is also more massive (by about 
1.1 M0 ) than the helium star in case (i) because of core growth during the hydrogen-
shell burning phase experienced by the primary before CE formation. Furthermore, 
since helium has already been exhausted in the center, the helium-star has also a 
shorter lifetime (rv 105 yr) (Habets 1985), and therefore suffers minor further mass 
loss, which can be ignored (Woosley, Langer, & Weaver 1995). Therefore they remain 
massive enough so that the growth in radius is mild and hence the limit on the orbital 
separation is lower. The relation between the limits is depicted in Figure 4.2, from 
which it becomes evident that LMXB-progenitors survive post-CE evolution up to 
the point of SN explosion only in the case that the common envelope is formed after 
central He-exhaustion, at which point the initial primary has already lost a significant 
80 
2 
1 
'----~·. 
.4 
'..._ 
I 
' 'I 
' I 
' \ 
I 
\ 
\ 
\ 
\, 
', 
··· .. ~------------~~-=~-::::-~::..-.:.----
··~·-·":"".7 - - - -
.6 .8 1 
log ( MHe/M0 ) 
Figure 4.2: Limits on orbital separation and primary mass after the common-envelope 
ejection for a 1 M0 secondary and acE = 1. Thick and thin lines correspond to 
upper and lower limits, respectively. Thick solid line : first Roche-lobe overflow 
just prior to supernova; solid line : first Roche-lobe overflow just after core-helium 
exhaustion; dotted line: He-star with a C-0 core (and short-dashed line: secondary) 
accommodated in the post-CE orbit; thick long-short-dashed line : first Roche-lobe 
overflow just prior to core-helium ignition; long-short-dashed line : He-star with a 
helium core accommodated in the post-CE orbit. It is evident that a non-vanishing 
area of the parameter space is available to LMXB-progenitors only if first Roche-lobe 
overflow occurs after core-helium exhaustion. 
amount of its envelope due to its own wind. 
In the event of a symmetric core collapse and a circular pre-SN orbit, the system 
will remain bound (constraint 3) only if less than half of its initial total mass is lost in 
the explosion. The assumption of a circular orbit before the explosion is well justified, 
since the system has emerged out of a common envelope, a highly dissipative process. 
Given a symmetric collapse (in the frame of the primary), the binary will remain 
bound only if: 
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(4.1) 
where MHe, M 2 and MNs are the (gravitational) masses of the neutron star progeni-
tor, the secondary and the neutron star respectively. 
The limits imposed on masses and radii of LMXB-donors by the final two con-
straints listed above have already been studied in detail in Chapter 3 (Kalogera & 
Webbink 1996a). Here, we summarize these results: 
In the case of conservative mass transfer, main-sequence donors less massive than 
,...., 1.5 M0 are stable against thermal time scale mass transfer, while those crossing the 
Hertzsprung gap are stable if their masses do not exceed ,...., 1.3 M0 . Donors that have 
evolved beyond the base of the giant branch are stable against mass transfer on a 
dynamical time scale and drive sub-Eddington mass transfer only if their masses are 
smaller than ,...., 1 M0 . However, the population of these donors is diminished by the 
constraint that their age must not exceed the galactic disk age, T. For T = 1010 years 
the parameter space (log M 2 - log R2) occupied by donors first filling their Roche lobes 
beyond the base of the giant branch and transferring mass at sub-Eddington rates 
is extremely small (see Figure 3.9a), and vanishes altogether if angular momentum 
losses due to magnetic stellar winds are significant2 • If super-Eddington mass transfer 
rates are allowed, but still with the constraint that donors remain in dynamical and 
thermal equilibrium, the limits on donor masses are extended to ,...., 2 M0 on the main 
sequence, and to,...., 1.5 M0 on the giant branch. However, it is not clear whether these 
systems will actually emerge as X-ray sources. Finally, there are two additional groups 
of systems, with donors first filling their Roche lobes while on the main sequence or 
while crossing the Hertzsprung gap, that experience thermal time scale mass transfer 
but eventually recover equilibrium and enter a long-lived mass transfer phase. Those 
with donors filling their lobes in the Hertzsprung gap all subside to sub-Eddington 
2Magnetic stellar wind losses were inadvertently neglected in our estimates of initial mass transfer 
rates in Chapter 3 (Kalogera & Webbink 1996a). Only for giant branch donors is the division between 
sub- and super-Eddington systems measurably affected; none of the stability limits is affected. 
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Figure 4.3: Limits on orbital separation and primary mass after the common-envelope 
ejection for a 1 M0 secondary and acE = 1, in the case of a symmetric core collapse. 
Line-type coding is the same as in Figure 4.2. In addition, thick dot-short-dashed line 
: mass transfer in the post-SN binary is initiated within 1010 yr; thick dot-long-dashed 
line : maximum He-star mass for keeping the post-SN system bound. It is evident 
that no parameter space is available to LMXB-progenitors. 
rates and emerge as systems with giant branch donors. However, only a portion 
of those with the main-sequence donors will drive mass transfer at rates below the 
Eddington limit after recovering thermal equilibrium (see Figure 3.6). 
All relevant limits imposed on the post-CE orbital characteristics are illustrated in 
Figure 4.3 for M2 = 1.0 M0 and acE = 1 under the assumption of a symmetric super-
nova. Indeed, if we adhere to the requirement that mass transfer be sub-Eddington, 
we find no combination of limits that leaves viable sub-Eddington LMXB progenitors. 
We conclude that binaries could not form short-period LMXBs via this evolutionary 
channel if supernovae were symmetric, regardless of the rest of their characteristics, 
because the only systems which can survive mass loss in the supernova event are 
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so wide (in order to accommodate the evolution of the core) that they will subse-
quently reach mass transfer only as the secondary ascends the giant branch. This 
process will take more than 1010 yr (if M 2 ;:S 1 M0 ), or will result in super-Eddington 
mass transfer rates (if 1 M0 ;:S M 2 ;:S 1.5 M0 ), or will lead to dynamical instability (if 
M 2 ~ 1.5 M0 ). The existence of short-period LMXBs therefore demand that one or 
more of the constraints be relaxed. 
4.4 Asymmetric Supernova Explosions 
Studies of the pulsar population (e.g., Harrison, Lyne & Anderson 1993) show that 
it is characterized by a large scale height and high space velocities, providing ob-
servational evidence that, at their birth, pulsars are given a kick velocity, due to 
an asymmetry associated with the supernova explosion. The magnitude of the kick 
is large enough to influence the kinematics of the pulsar population and certainly 
the orbital dynamics of a binary system hosting a neutron star progenitor. The 
constraints discussed in the previous section imply that, unless a kick velocity is im-
parted to the newborn compact star, it is essentially impossible to form short-period 
LMXBs via the evolutionary path considered here. Models attempting to explain the 
pulsar velocity distribution and the putative velocity-magnetic moment correlation 
(Dewey & Cordes 1987; Bailes 1989) require kick velocities with mean magnitudes 
of rv 100 - 200 km s-1. However, a more recent study (Lyne & Lorimer 1994) of the 
pulsar population takes into account a selection effect against high velocity pulsars, 
and concludes that the mean pulsar velocity is rv 450 km s-1 . Additional evidence 
from supernova remnants and associated pulsar positions (Caraveo 1993; Frail, Goss, 
& Whiteoak 1994) supports the conclusion of high kick velocities. Although pulsar 
velocities do not directly reflect the birth velocities, these recent estimates do point 
towards high kick magnitudes. Any correlation between kick direction or magnitude 
and orbital axis or orbital velocity in a binary is at present purely conjectural, and 
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Figure 4.4: Limits on orbital separation and primary mass of primordial (O,B) and 
post-common envelope binaries with a 1 M0 secondary, for acE = 1. Line-type coding 
is the same as in Figure 4.2. 
hence we will assume that kick velocities are isotropically oriented in the center of 
mass frame of the collapsing component with a Maxwellian distribution in magnitude. 
The interplay between the different limits discussed in the previous section changes 
dramatically if we relax the assumption of a symmetric supernova explosion. An 
asymmetric core collapse, imparting a kick velocity to the neutron star, breaks the 
one-to-one link between pre- and post-SN orbital parameters. Those constraints in 
Figure 4.3 which reflect post-SN conditions no longer sharply delimit possible LMXB 
progenitors. Systems which in the case of symmetric supernovae would have certainly 
been disrupted may now survive (if by chance the kick velocity has the right direction 
and magnitude), and, conversely, systems which would have survived may now be 
disrupted. Moreover, post-supernova orbits may now become smaller than the pre-
supernova ones (which can never be the case in a symmetric core collapse), allowing 
the formation of short-period LMXBs. Thus, for the case of an asymmetric collapse 
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the limits imposed on the progenitors, after the ejection of the common envelope, 
are only the ones shown in Figure 4.4. In that case, a non-vanishing part of the 
parameter space may be populated by LMXB progenitors. The post-CE progenitors 
are Wolf-Rayet binaries, and for a 1 M0 secondary they have primaries with masses 
rv 3.5 - 8 M0 , orbital separations ,...., 8 - 25 R0 , and orbital periods ,...., 1 - 5 d. The 
corresponding limits on the primordial binaries are also shown in Figure 4.4; these 
O,B primaries have masses,...., 13 - 25 M0 , orbital separations ,...., 800 - 1800 R0 , and 
orbital periods ,...., 1.5 - 5 yr. 
The inclusion of a kick velocity imparted to the neutron star forces one to follow 
the evolution of an initial population of binaries and not of a single system. The 
stochastic element in this problem, of finding the distribution of binaries after an 
asymmetric supernova explosion, has been already addressed in Chapter 2 (Kalogera 
1996). Assuming an isotropic Maxwellian distribution of kick velocities, she developed 
an analytical method of calculating the distribution of post-SN binary systems over 
eccentricity, orbital separations (before and after circularization) and systemic veloci-
ties. Here, we are interested only in the distribution of orbital separations of post-SN 
circularized orbits. Following the notation used in Chapter 2 (Kalogera 1996), the 
distribution of systems over of the dimensionless separation ac = Ac/ Ai, where Ac 
and Ai are the circularized and pre-SN orbital separations, respectively, is given by: 
where 
Zo 
/3 
2 loXo -x2 
. r,;; e dx, 
y7r 0 
V2 - _ 2c-ac ac 2 ' c 
- J2-ac, 
MNs+M2 
Mc+M2' 
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2c 
-1 - < ac < 2c +c 
2c::;; ac < 2 
~ = 
! 0 is the zeroth order Bessel function, a = (Vf /3) 1/ 2 , v;. is the relative orbital velocity 
of the two stars in the pre-SN binary, and c is the ratio of the radius of the secondary 
to the pre-SN orbital separation. 
Convolving the above distribution with that of the pre-SN binaries over masses 
and orbital separations, as defined by the limits already discussed, enables us to map 
precisely the distribution of post-SN binaries and synthesize the population of nascent 
LMXBs. 
4.5 Population Synthesis 
4.5.1 Parent Binary Evolution 
Having described the criteria which select LMXB progenitors from a parent binary 
population, we require a statistical description of this primordial population to pro-
duce quantitative results. We therefore assume that the primordial binaries can be 
characterized by three parameters : the mass of the primary M 1 , the mass ratio 
q = M 2/M1 (M2 being the mass of the secondary star), and the orbital separation of 
the system A. In selecting an initial distribution of binaries over these parameters, 
we are guided by the results of a detailed analysis by Hogeveen (1991), but with 
some important differences at small mass ratios, where observational constraints are 
virtually non-existent. 
We have adopted the field star Initial Mass Function (IMF) derived by Scalo (1986) 
as a good representation of the primary mass distribution. Based on his results we 
are able to fit the IMF of stars more massive than 0.3 M0 with a single power law of 
the form: 
If we assume that the galactic disk has an exponential surface density with a scale 
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length of 4 kpc, and that the distance of the Sun from the galactic center is 8 kpc, 
then we estimate the effective radius of the galactic disk to be 15 kpc. The birth rate 
of primaries per unit logarithm of mass, integrated over the entire galactic disk, is 
then: 
(4.4) 
The distribution of orbital separations is assumed to be inversely proportional to 
A (Abt 1983), normalized to a wide range of initial separations up to 106 R0 . This 
assumption may appear inconsistent with more recent results regarding the orbital 
period distribution of solar-type binaries (Duquennoy & Mayor 1991). However, we 
note that the range of orbital separations, hence orbital periods, of interest to us is 
extremely narrow, from rv 2 yr to rv 5 yr, so that our results are not sensitive to the 
specific shape of the broader distribution. Furthermore, our choice of the functional 
form and normalization is consistent with the one used by Hogeveen (1991) in his 
study of the mass ratio distribution, the results of which we have chosen to adopt. 
The mass ratio distribution of unevolved binaries of interest to us is quite un-
certain. It is empirically known only in the limit of approximately equal component 
masses and for relatively close binaries. Results obtained by Hogeveen (1991) show 
that for q ;G 0.35 the mass ratio distribution at long orbital periods is described by 
an IMF-like power law (ex q-2·7). However, we need to extrapolate to very small 
values of q ( < 0.1). For this range of values it is often assumed that the distribution 
flattens, but this is in truth an ad hoc assumption, because the contribution of such 
extreme mass ratio systems to the observed distribution of spectroscopic or eclipsing 
binaries at long periods (> 1 yr) is negligible. Instead we have chosen to adopt an 
IMF-like q-distribution, even for very small values of q. By making this assumption, 
and demanding that the normalization accords with observation as q ~ 1, we must 
explicitly allow for the possibility that our primordial systems are not only binary, 
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but multiple. In doing so, we recognize that the presence of additional stellar com-
ponents modifies our pool of progenitor binaries in two ways : (i) an inner binary 
may abort evolution of the primary by mass exchange, thwarting its expansion to 
a common-envelope stage involving the secondary component of interest to our see-
nario; and (ii) triple systems are dynamically stable only if the period ratio between 
outer and inner orbits exceeds some critical value. Regarding the first of these two el-
ements, an inner binary with a secondary component less massive than the outer one 
of interest to us is very unlikely to be of any consequence : the inner binary will sue-
cumb to common-envelope evolution, but it is incapable of extracting enough energy 
to eject the envelope before merging - the outer binaries of interest to us typically 
only barely manage to survive. We therefore exclude from our progenitor pool only 
those multiples in which the inner binary contains a more massive secondary than 
the outer. Similarly, in regard to the second element, dynamical instability of a triple 
star typically leads to ejection of the least massive component (Harrington 1975). 
We therefore exclude from our progenitor pool only those multiples in which a third 
component, more massive than the secondary of interest to us, lies within a critical 
period (or separation) ratio of the secondary orbit. Following Kiseleva, Eggleton, & 
Anosova (1994), we adopt a critical period ratio of 6.3 (separation ratio~ 3.4) for the 
extreme mass ratios of interest here. All systems containing third components more 
massive than our secondary are therefore excluded, from a maximum orbital period of 
6.3 times that of interest down to a minimum physically allowable separation, which 
we take (for simplicity) to be twice the primary radius. Assuming that binary and 
multiple stars are chosen from a parent population according to Poisson statistics 
(i.e., that they are independent, uncorrelated events), we modify our simple inverse 
distribution in A and power-law distribution in q by a factor representing the Poisson 
probability that neither of the above strictures is violated : 
g(q,A) = O.A075 0.04q-2·7 exp (- {A·6.
3213 
f 1 0.075A'-1 0.04q'-2·7 dA'dq'). (4.5) 
}2R(M1) }q 
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Figure 4.5: Distribution of primordial binaries with primary mass M1 = 20 M0 and 
orbital separation A = 1000 R0 over mass ratio, q. The corresponding secondary 
masses, M2 , are also shown. 
A plot of this assumed distribution over mass ratio, q, for specified primary mass, 
M1 , and orbital separation, A, is shown in Figure 4.5. It bears re-emphasizing that 
this distribution is unverifiable by current observation for q ~ 0.35. The adoption of 
equation (5) is motivated by three factors: (1) it is consistent with observed rates of 
duplicity and mass ratio, where these are detectable, for binary separations of interest 
to us; (2) it is a logical extrapolation of that observable part of the distribution to 
the extreme mass ratios of interest to us, without the invocation of ad hoc breaks 
or cut-offs; and (3) it provides a consistent formalism for future modeling of LMXB 
formation by triple star evolution. 
We can transform equation (5) to a distribution over log M2 and log A, 
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hin(log M 2 , log A), using the definition of q. The distribution representing the primor-
dial binary population then becomes : 
The range of values covered by the three parameters is dictated by the evolutionary 
selection criteria already discussed. 
4.5.2 Method 
Having defined the parent binary population, we are able to follow its transforma-
tion as the systems evolve through the various evolutionary stages. This is done by 
identifying the system parameters at the end of each stage and their dependence on 
the corresponding parameters at the beginning of each phase, and by transforming 
the distribution function according to these dependences. These transformations are 
performed analytically, so that at each stage prior to the explosion the distribution 
function of binaries can be expressed explicitly. At the supernova stage the pre-
SN function is convolved with the distribution over post-SN circularized separations 
(eq. [4.2]), and the product is integrated numerically now over pre-SN helium-star 
masses and orbital separations. This method offers major advantages over Monte 
Carlo techniques as it is free of any statistical errors and in principle allows us to 
have an infinite resolution in the final LMXB parameters. This high resolution re-
veals even the most subtle features in the nascent LMXB distribution and permits 
us to trace back the origin of these features. In what follows, we briefly describe the 
procedure for each evolutionary stage of interest. 
From all the systems represented by Fin, we are interested only in those that 
experience a common-envelope phase. The post-CE systems are characterized by the 
secondary mass M 2 (assumed unchanged by CE evolution), the orbital separation 
Apost-cE, and the mass of the remnant core MHe, which depends only on the primary 
mass. Using the relations connecting the pre- and post-CE binary parameters we can 
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find analytically the transformed post-CE distribution function : 
( 
log M1 , log M2 , log A ) 
FcE(logMHe,logM2,logApost-CE)=Fin·l l M l Ml A · (4.7) 
og He, og 2, og post-CE 
Since 8logA/81ogApost-CE = 1 (eq. [E.8]), M2 is unchanged, and MHe is a function 
only of M1 (eq. [E.3]), the distribution of post-CE orbital separations and secondary 
masses for a specific choice of MHe is simply a homologous transformation of their 
pre-CE distribution at the corresponding value of M1 . 
The post-CE primary, MHe, has already exhausted helium in its core, since the 
initial primary entered common-envelope evolution after core-He exhaustion. The 
time scale for nuclear evolution of the C-0 core until collapse is rv 105 yr (Habets 
1985), and is so short that the helium star is essentially unaffected by wind mass loss 
(Woosley, Langer, & Weaver 1995). Therefore the pre-SN distribution of binaries is 
identical with the one just after the CE phase. The secondary is still on the main 
sequence when the supernova occurs. 
By convolving the pre-SN distribution with the survival probability distribution 
for the supernova explosion, 1l(ac) (eq. [4.2]), we can obtain the distribution function, 
Z (log M2, log Apost-SN), of post-SN circularized orbital separations Apost-SN and sec-
ondary masses M2 by integrating over MHe and Apre-SN· In performing this trans-
formation, we assume that all He stars leave a remnant neutron star of the same 
gravitational mass (see also Woosley, Langer, & Weaver 1995) of 1.4 M0 . The post-
SN distribution thus becomes a two-variable function of M2 and Apost-sN: 
(4.8) 
where 
( = FcE · 1l(ac) · aclnlO, 
and (ac ln 10) is the Jacobian corresponding to the variable transformation from ac = 
= Apost-SN / Apre-SN to log Apost-SN. The limits of the integration over log Apre-SN 
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depend on both MHe and M2; those for the integration over MHe depend on M2, 
according to the constraints discussed in § 4.3. 
We have assumed here that both synchronization and circularization of the bi-
nary occurs relatively soon and certainly prior to the time the secondary overflows 
its Roche lobe. The assumption is well justified since the time scales for both pro-
cesses for detached systems are significantly shorter than the evolutionary time scale 
of the secondary as well as the time scale for angular momentum losses due to mag-
netic braking. As the binary approaches Roche lobe overflow the time scales rapidly 
decrease down to tens to thousands of years (e.g., for RL/ R2 ~ 2; see Zahn 1977; 
1989). 
Systems surviving the supernova event do not all form LMXBs. Binaries must 
still evolve further towards Roche lobe overflow of the secondary for mass transfer 
to be initiated. At this stage binary evolution is driven by nuclear evolution of the 
secondary and loss of angular momentum , and hence shrinkage of the Roche lobe 
around the secondary. We consider two mechanisms responsible for the loss of angu-
lar momentum: gravitational radiation (eq. [E.11]) and magnetic braking (eq. [E.13]). 
In the latter process, a wind from the secondary, locked onto the stellar magnetic 
field, drives angular momentum away from the star. Assuming that the companion 
is maintained in synchronization with the orbit by tidal dissipation, it follows that 
the binary loses angular momentum(Verbunt & Zwaan 1981). This angular momen-
tum loss affects the orbital characteristics considerably, whereas the mass loss rate is 
assumed negligible. For very low-mass secondaries (M2 ::::; 0.37 M0 ) that are fully con-
vective, we assume that magnetic braking is negligible, in accordance with arguments 
advanced to explain the 2h - 3h gap in the orbital period distribution of cataclysmic 
variables (Rappaport, Verbunt & Joss 1983). For these masses, angular momentum 
loss due to gravitational radiation alone is considered. 
It should be noted that studies of the magnetic braking mechanism rely upon 
93 
measurements of rotational velocities of solar-type stars (Verbunt & Zwaan 1981). 
More massive stars develop radiative envelopes which are expected to diminish the 
dynamo generation of magnetic fields and hence the effect of magnetic braking. In 
accordance to this, massive stars appear to rotate much faster than low-mass stars. 
We have adopted the functional form used by Rappaport et al. (1983) (with their 
index 'Y = 2), but modifying the braking efficiency for stars more massive than the 
Sun by introducing a cutoff factor, b, dependent only on stellar mass. Using observed 
mean rotational velocities for main sequence stars, we were able to estimate the 
efficiency factor, b(M2): 
0 
1 
exp [-4.15 (M2 - 1.03)] 
M2 ::; 0.37 M 01 
0.37 M 0 < M2 ::; 1.03 M 0 1 
M2 > 1.03 M 0 . ( 4.9) 
This expression for the magnetic braking efficiency reproduces the rotation velocities 
of main sequence stars of spectral types F5 and FO (Allen 1973) assuming that they 
are born at rotational break-up and neglecting evolutionary changes in mass and 
radius. Main sequence stars of earlier spectral type show no evidence of magnetic 
braking. Using more recent data (e.g., Fukuda 1982; Kawaler 1987) leads to somewhat 
different expressions for b(M2 ), but has no qualitative effect on our results. Because 
of the assumption of initial maximum rotation the above estimate is actually an upper 
limit to the magnetic braking efficiency factor. 
The last step in evolving the distribution function Z is to transform the post-SN 
systems to nascent LMXBs. We set the radius of the secondary (eq. [D.9]) equal to its 
Roche lobe radius (eq. [E.7]) and eliminate the time by using either equation (E.12) 
or equation (E.14). The resulting equation can be solved numerically for the orbital 
separation, Ax, at the onset of the mass transfer phase. In this way we are able to 
find the distribution over orbital separation, Ax, and donor mass, M2 , of the LMXB 
94 
5 
5 
Figure 4.6: Distribution of nascent LMXBs, <l>p(log M2 , log Px ), over donor mass, 
M2, and orbital period, Px, for (V[) 1/ 2 = 300kms-1 and acE = 0.3. Mass transfer 
at (a) sub-Eddington rates, and (b) both sub- and super-Eddington rates. 
progenitors: 
<I> (l M l A ) = Z . 18logApost-SNI 
A og 2, og x 8logAx (4.10) 
The derivative in the above equation is calculated analytically. With one last transfor-
mation we obtain the distribution over donor mass and orbital period, <l>p(log M 2 , log Px). 
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Figure 4.7: Limits on donor masses, M 2 , and orbital periods, Px, of binaries at the 
onset of mass transfer for a population of age 1010 yr. Heavy solid lines mark the 
loci of zero-age main sequence stars (ZAMS), terminal main sequence stars (TMS), 
and stars at the base of the giant branch (BGB). Dot-dashed line: maximum orbital 
periods for mass transfer in a Galactic disk population of age 1010 yr; thin solid 
lines: maximum donor masses for thermal stability on the main sequence and in the 
Hertzsprung gap, assuming conservative mass transfer; dotted lines: maximum donor 
masses for thermal stability on the main sequence and in the Hertzsprung gap, and 
for dynamical stability on the giant branch, all in the limit that all mass lost from 
the donor is also lost from the binary; short-dashed lines: minimum donor masses 
for the development of a delayed dynamical instability; long-dashed lines: maximum 
donor masses for regaining thermal equilibrium after an initial mass transfer phase 
on a thermal time scale. 
4.6 Results 
4.6.1 A Reference Model 
Results from our population synthesis calculations are illustrated in Figures 4.6a 
and 4.6b for a prototypical choice of input parameters, which we shall deem our 
reference case. The two frames of this figure show zero-age LMXB distributions, 
<I>(log M2 , log Px ), for systems initiating sub-Eddington mass transfer only (Figure 
4.6a), and for both sub-Eddington and super-Eddington systems (Figure 4.6b). The 
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constraints delineating these regions were discussed in Chapter 3 (Kalogera & Web-
bink 1996a), and are illustrated again here in Figure 4.7, where the regions are labeled 
SE and SE, respectively. Our choices of values for free parameters in this reference 
case have been made in such a way as (i) to define a plausible extreme, or (ii) to char-
acterize the model distribution at the threshold value of a specific parameter, that 
is, at a value where its influence on the resulting models changes character. Thus, 
for example, our choice of mass ratio distribution ( eq. [4.5)) defines a plausible upper 
limit to the frequency of the massive binaries with extreme mass ratios which feed 
our evolutionary channel, since the Poisson cutoff invoked in equation (5) (an upper 
limit to the number of close companions a massive star may accommodate within the 
limits of dynamical stability) is taking effect in just the range of companion masses 
of interest (see Figure 4.5). For the common envelope ejection efficiency we choose 
acE = 0.3, because below this value the survival window (the region bounded by 
thick and thin solid lines in Figure 4.3) disappears rapidly below the lower limits 
to post-supernova binary separation imposed by the need to accommodate both the 
helium-star core of the primary (the dotted line in Figure 4.3) and its companion (the 
thin dashed line in Figure 4.3). Our choice of r.m.s. kick velocity for the reference 
case, (Vk2) 112 = 300 km s-1, equates approximately to the maximum pre-SN relative 
orbital velocities, and therefore lies very near the peak in their survival probability 
in the zero-age LMXB population. 
Within the age and stability limits set by Figure 4.7, the general features seen 
in Figures 4.6a and 4.6b are the result primarily of a competition between nuclear 
evolution of the donor stars and angular momentum loss from the binary. The promi-
nent ridge extending towards low companion masses and low orbital periods is due to 
systems with essentially zero-age donors, brought to Roche lobe contact due to loss of 
angular momentum. This ridge along the ZAMS disappears for donors more massive 
than ,...., 1.4 M0 , because at these masses angular momentum losses due to magnetic 
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Figure 4.8: Distribution of nascent LMXBs, W p (log Px), over orbital period, Px, for 
(Vf )112 = 300 km s-1 and acE = 0.3. Solid line: both sub- and super-Eddington 
systems, and dotted line: only sub-Eddington systems. 
braking become inefficient (eq. [4.9]). For donors more massive than rv 1 M0 , nuclear 
evolution becomes increasingly important, and not all post-SN systems experience or-
bital shrinkage. As a result, a minimum appears in the distribution at orbital periods 
of about one day. Systems with donors on the giant branch appear only in the super-
Eddington population. They form the broad peak at long periods between donor 
masses rv 1 M0 and "" 1.5 M0 , and have reached contact because of the advanced 
nuclear evolution of the donor. 
The competition between angular momentum losses and nuclear evolution is also 
evident in the distribution over orbital periods, Wp(logPx), obtained by integrating 
cI> p over log M2, and plotted in Figure 4.8. The first peak at rv 0.3d arises from 
the peak in the mass ratio distribution (cf. Figure 4.5), whereas the peak at rv 0.5d 
is the result of the flattening of the ZAMS radius-mass relation above rv 1.3 M0 , 
which compresses a relatively wide range of donor masses into a narrow range of 
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periods. The valley at rv 1 d is a result of magnetic braking evacuating this range. 
Systems with evolved donors that transfer mass at super-Eddington rates populate 
the "bump" at longer periods. These systems may not at first appear as luminous 
X-ray sources, as we anticipate that their dense super-Eddington outflows will quench 
X-ray emission. Nevertheless, as the donor mass decreases, mass transfer may subside 
to sub-Eddington rates, and the systems will then appear as LMXBs with donors on 
the giant branch. 
We note in passing that Figure 4.8 also bears witness to the power of the an-
alytical technique used for these synthesis calculations to reveal features which are 
very difficult and computationally expensive to identify in Monte Carlo approaches. 
A case in point is the inflection point visible at rv 0.23d, below the shortest-period 
maximum. This feature is in fact an artifact of the ZAMS radius-mass relation we 
have adopted in this work (eq. [D.l]), which is discontinuous in its first derivative at 
M 2 ~ 0.8 M0 . With an analytic approach, we have the power in principle to increase 
resolution within a limited range of parameter space, as desired, without being obliged 
to do so everywhere, and without suffering the Poisson noise inherent in Monte Carlo 
calculations. 
4.6.2 Observable Properties of the LMXB Population 
Despite three decades' effort in X-ray astronomy, our knowledge of the underlying 
structural properties of LMXBs is still extremely limited and fragmentary. Orbital 
periods, for example, are known only for a small minority of systems, a large frac-
tion of LMXBs lack optical counterparts (because of low intrinsic optical luminosity 
and heavy interstellar extinction), and dynamical mass estimates from spectroscopic 
orbits are nearly absent outside that collection of soft X-ray transients which ev-
idently contain black hole accretors of mass > 3 M0 (and which cannot originate 
through the formation channel modeled here). Nevertheless, there are several bases, 
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Birth rate 
Total X-ray 
luminosity 
Fraction of 
systems with 
Px <20h 
Fraction of 
NS accretors 
Center-of-mass velocity 
dispersion 
TABLE 1 
CHARACTERISTICS OF THE LMXB POPULATION 
Reference Modela 
sub-Eddington super-Eddington 
1.2 x 10-6 yr-1 
0.94 0.35 
0.91 
150kms-1 127kms-1 
Observed 
2 x 10-7 yr-1 
2 x 1039 erg s-1 
0.75 - 0.94 
;<; 0.4 
183kms-1 
alnput parameters: common-envelope efficiency acs = 0.3, r.m.s. kick magnitude (V,;}1/ 2 = 300kms-1 , mass-
ratio power-law index x = 2.7, and maximum baryonic neutron-star mass Mr:!s"' = 2.64M0 . 
summarized here in Table 1, on which a comparison may be made between global 
observational properties and the results of population synthesis models. The origin 
of the observational estimates contained in Table 1 is described below; theoretical 
estimates are listed separately for those systems which transfer mass initially at sub-
Eddington rates (regions SE, which we expect to remain LMXBs throughout this 
phase of interaction) and those initially super-Eddington (regions SE, which we ex-
pect to contribute to the observed LMXB population only later during interaction, 
if at all). It must be emphasized here that the values of free parameters defining 
our reference model, from which results are extracted in Table 1, were chosen to aid 
in characterizing the dependence of model results on those parameters; they have 
not been chosen to optimize agreement between model and observation. The reader 
may glean some sense of the adjustments required from the discussion of parameter 
dependences which will follow below. 
Some explanations are warranted for the entries in Table 1: 
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Birth rate. We estimate the birth rate of the observed population from the cat-
alogs of galactic LMXBs by van Paradijs (1995) and Bradt & McClintock (1993). 
Black hole candidates and LMXBs in globular clusters have been excluded. Distance 
estimates and mean X-ray luminosities of individual systems were drawn, where avail-
able, from those catalogs. The birth rate in steady state then follows from summing 
the observed mean X-ray luminosities, and dividing by an average initial donor star 
mass (assumed to be 1.2 M0 , as suggested by the synthesis results), and assuming an 
X-ray production rate of 1.86 x 1020 erg g-1 of accreted matter. The theoretical birth 
rates quoted here exclude any contribution from possible LMXB progenitors which 
may emerge from thermal time scale mass transfer, regions MS2 and H G2 in Figure 
3.5; the birth rates for their immediate progenitors are, respectively, 2 x 10-6 yr-1 for 
region MS1 and 1 x 10-6 yr-1 for region MS2 , in our reference model. 
Total X-ray luminosity. For comparison, we also include in Table 1 estimates of 
the observed and theoretical total X-ray luminosity for Galactic disk LMXBs. We 
derive a statistical (Poisson) uncertainty in the observed luminosity of ±30%, but 
expect the true uncertainty to be substantially greater due to systematic errors (from 
spectral fittings and distance estimate errors). Since the deduced estimate of the 
birth rate of observed LMXBs follows directly from their total X-ray luminosity, this 
entry does not in reality provide a new benchmark for comparison, but it does strip 
away some of the assumptions applied above to deduce an observed birth rate. We 
apply the same assumptions instead to the synthesis models to convert birth rates to 
total X-ray luminosity, but now employ the actual donor mass distribution produced 
by those models, instead of an average value. 
Fraction of short-period systems. Secular evolution among LMXBs produces a 
natural bifurcation in their evolution, with short-period systems (Px ;S 20h) driven 
to shorter orbital periods by angular momentum loss, and long-period systems driven 
to longer periods by nuclear evolution of the donor star (Taam, Flannery & Faulkner 
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1980; Pylyser & Savonije 1989). This behavior provides a basis for comparison be-
tween theory and observation, even though our synthesis models do not address sec-
ular evolution in the LMXB state. Unfortunately, orbital periods are known for only 
30% of galactic LMXBs; of the 24 systems with known periods, 18 fall into the short-
period group. The observational upper limit quoted in Table 1 reflects our expectation 
that the higher optical/infrared luminosities of donors in longer-period systems favor 
detection of their orbital periods, so that LMXBs with undetected periods are more 
likely to belong to the short-period group. It is important to note as well that the 
theoretical estimates listed for our reference case are probably lower limits, in that 
they reflect relative birth rates of short- and long-period systems, and do not account 
for the shorter lifetimes expected among longer orbital period systems. 
Fraction of neutron star accretors. A significant fraction of the neutron stars 
in our model populations (at least among those transferring mass at sub-Eddington 
rates) may be driven to gravitational collapse during their X-ray lifetime, and be-
come stellar black holes. An observational lower limit to the fraction of LMXBs 
containing neutron stars, quoted in Table 1 is set by those showing X-ray pulsations 
or classical X-ray bursts (see van Paradijs 1995). To obtain a theoretical estimate 
for this fraction, we adopt the equation of state (AV14/UVII) developed by Wiringa, 
Fiks & Fabrocini (1988), which represents the most complete microscopic calcula-
tions available at present; this equation of state predicts maximum gravitational and 
baryonic (non-rotating) neutron star masses of 2.13 M0 and 2.64 M0 , respectively 
(Cook, Shapiro & Teukolsky 1994). Model systems with total baryonic mass exceed-
ing 2.64 M0 are considered to contain black hole accretors only once the accretor mass 
passes that threshold. 
We must emphasize that black hole formation through accretion-induced neutron 
star collapse is incapable of explaining the existence of the low-mass black-hole soft 
X-ray transients A 0620-00 (V616 Mon), GS 2023+338 (V404 Cyg), GS 1124-684 (GU 
102 
Mus), GRO J1655-40, GS 2000+25 (QZ Vul), and H 1705-250 (V2107 Oph) (Cowley 
1994; Bailyn et al. 1995; Charles & Casares 1995; Remillard et al. 1996). In each 
of these systems, lower limits to the masses of their compact components, derived 
dynamically from the reflex orbital motion of their donor stars, clearly exceed the 
maximum total mass of any of our modeled systems: 1.4 M0 + 1.5 M0 = 2.9 M0 . At 
least one other evolutionary channel is required (Eggleton & Verbunt 1986; Romani 
1992). 
Systemic velocities. We have derived an observed velocity dispersion from the tab-
ulation by Johnston (1992) of heliocentric radial velocities of 15 LMXBs, correcting 
for solar motion and for differential galactic rotation, using her distance estimates 
and the galactic rotation model of Clemens (1985), and assuming isotropic peculiar 
velocities with respect to uniform rotation on cylinders. Neither the rotation model 
nor the assumption of isotropic peculiar velocities can be strictly valid, but the ob-
served velocity dispersion is more seriously suspect because of distance errors, since 
differential rotation corrections are large, and because of small-number statistics. The 
theoretical velocity dispersions in Table 1 reflect one-dimensional peculiar velocities 
at birth; virialization within the galactic potential should reduce them by a factor of 
./2, since the hiatus between supernova explosion and the onset of mass transfer as 
an LMXB significantly exceeds a galactic dynamical time scale for the overwhelming 
majority of model systems. 
4.6.3 Parameter studies 
Although one should treat the observed quantities listed in Table 1 with some caution, 
for reasons outlined above, it is instructive to explore how the theoretical quantities 
listed there respond to variations in the principal input parameters to our popu-
lation models: (i) the efficiency of common envelope ejection, acE; (ii) the r.m.s. 
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Figure 4.9: Total birth rate of sub-Eddington only (open circles) and sub- and super-
Eddington combined (filled circles) nascent LMXBs as a function of common-envelope 
efficiency o:cE for (Vl} 1/ 2 = 300kms-1. 
kick velocity imparted to a newborn neutron star, (Vl) 112 ; (iii) the initial mass ra-
tio distribution, and (iv) the maximum neutron star mass. These dependencies are 
summarized semi-quantitatively in Table 2, and discussed physically below. 
Common envelope efficiency. As illustrated in Figure 4.3, progenitor systems of 
given donor star mass populate only a narrow range of post-common-envelope orbital 
separations. That range shifts to smaller separations for smaller companion masses 
(less orbital energy available for envelope ejection) or for small ejections efficiencies, 
o:cE (less efficient use of available orbital energy). Since the lower limits to binary 
separations are fixed by Roche lobe constraints, reductions in o:cE therefore result 
in (i) progressive loss of the lowest-mass companions from the pool of donor stars, 
and (ii) progressive loss of the longest-period component of the survivor pool. The 
loss of low-mass donors suppresses the short-period extreme of the LMXB orbital pe-
riod distribution. Likewise, since asymmetric supernovae cannot produce circularized 
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Figure 4.10: Distribution of systems, '1i p(log Px ), transferring mass at sub- and super-
Eddington rates over orbital period, Px, for different values of the common-envelope 
efficiency, o:cE, and for (Vl} 1/ 2 = 300 km s-1 . 
post-supernova separations exceeding twice the pre-supernova separation (Chapter 2; 
Kalogera 1996), small values of o:cE also suppress the long-period extreme in this 
distribution (see Figure 4.10). For o:cE ;:::; 0.3, the peak of the donor mass distribu-
tion no longer survives, and the birth rate falls precipitously (Figure 4.9). The slow 
increase in systemic velocity dispersion of survivors as o:cE decreases reflects (i) the 
selection of survivor systems, crudely, according to whether the supernova kick by 
chance imparts to the neutron star a space velocity closely matching the orbital ve-
locity its companion at the instant of the explosion, and (ii) the closing of the window 
in separation spanned by companion stars of different masses. 
Average kick velocity. The dynamical consequences of supernova kicks are de-
scribed in some detail in Chapter 2 (Kalogera 1996). Aside from a nearly uniform 
suppression of survival probabilities, r.m.s. kick velocities exceeding the largest pre-
supernova relative orbital velocities ('"" 300 km s-1) exercise very little influence on 
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Figure 4.11: Total birth rate of sub-Eddington only (open circles) and sub- and 
super-Eddington combined (filled circles) nascent LMXBs for acE = 1 and sub- and 
super-Eddington (filled triangles) systems for acE = 0.2 as a function of (~2) 112 . 
either the mass- and orbital period-distribution of survivors, or on their space ve-
locities, since survivors then come only from the low-velocity tail of the Maxwellian 
kick distribution. However, when kick velocities are small, they are capable only 
of binding relatively wide systems, which have correspondingly small pre-supernova 
relative orbital velocities, and consequently acquire only small post- supernova space 
velocities. (These wide systems only survive common-envelope evolution if acE.<.0.5.) 
Small kick velocities therefore suppress birth rates (Figure 4.11), most severely among 
short-period systems (Figure 4.12). 
Mass ratio distribution. As noted above, the range in primary masses ("-' 15 -
25 M0 ), secondary masses ("' 0.5-1.5 M0 ) and orbital periods ("' 2-5 yr) from which 
progenitor binaries are drawn (see Figure 4.4) is far beyond exploration by current 
observational techniques. We consider that our adopted mass ratio distribution rep-
resents a plausible maximum frequency to such systems, consistent with constraints 
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Figure 4.12: Distribution, W p(log Px ), of combined sub- and super-Eddington nascent 
LMXBs over orbital period, Px, for different values of (Vk2) 1/ 2 and for acE = 0.3. 
of dynamical stability. The birth rates we derive must therefore be considered upper 
limits. Alternative choices of mass ratio distribution produce lower birth rates; to the 
extent that they differ greatly in function form within the mass ratio window of inter-
est (q rv 0.04-0.1), they may also alter the character of the LMXB distribution with 
respect to structural parameters. For example, Figure 4.13 illustrates the period dis-
tribution derived for a mass ratio distribution which is independent of q (apart from 
a very weak dependence introduced by retention of the Poisson cutoff parameter) be-
low a critical mass ratio, qc = 0.35. (Such a distribution closely resembles those used 
for example by Pols et al. 1991, and Dalton & Sarazin 1995). In this case, the total 
birth rate decreases by a factor of~ 27, and there is a relative shift among surviving 
systems from the period range 0.2-0.5 days to the range 0.5-1 days, a consequence 
of the flattening in mass ratio distribution in the range of interest, q rv 0.04 - 1. For 
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Figure 4.13: Distribution of systems, 'W p(log Px ), transferring mass at both sub- and 
super-Eddington rates over orbital period, Px. The probability density is normalized 
to the total birth rate, 3.2 x 10-6 yr-1 for our reference model (solid line), and 1.2 x 
10-7 yr-1 for a model with constant mass-ratio distribution (dotted line). For both 
cases (Vf) 112 = 300kms-1 and acE = 0.3. 
values of acE close to unity (not shown), a relative excess of short-period systems ap-
pears below"' 0.2 days, but these systems do not survive common envelope evolution 
in our reference case. Unfortunately, these variations tend to be confined largely to 
the short-period (Px < 20h) part of the orbital period distribution, where they are 
easily masked by secular evolution. The number ratio of long-period to short-period 
systems, which is the principal factor influencing systemic velocities as well, is only 
weakly dependent on the distribution of donor stars in mass (cf. Figure 4.6), so long 
as most of those donors are massive enough (.<,LO M0 ) to evolve to interaction. 
Maximum neutron star mass. Given our observationally-motivated assumption 
that neutron stars are born with uniform gravitational masses of 1.4 M0 , this factor 
enters only into the estimate of the fraction of LMXB accretors which may evolve 
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ace 
(0.3) 
declines slowly as ace 
decreases from 1.0 to 0.3, 
but plummets rapidly 
for ace~ 0.3 
increases slowly as ace 
decreases from 1.0 to 0.3, 
and increases rapidly. 
for ace~ 0.3 
insensitive 
. -1/4 
vanes as o.cE 
TABLE 2 
EFFECTS OF INPUT PARAMETERS 
(Vf)1/2 
(300kms-1) 
declines slowly for 
(Vf) 1/ 2 ~ 200kms-1 ; 
Se (and se for 0.CE ~ 0.6) 
populations drop 
rapidly as (Vf) 112 -t O 
vanishes for 
(Vf) 112 ~ lOOkms-1 ; 
asymptotically approaches 0. 75 
for (Vk2 ) 112 ~ 400kms-1 , 
insensitive 
varies as (Vf} 1/ 5 , 
and flattens at "'400 km s-1 
for (Vf) 112 > 500kms-1 
aTotal, sub- (SE) plus super-Eddington (SE), LMXB population 
hSub-Eddington (Se) LMXB population only 
x 
(2.7) 
depends on q-distribution 
in the range 0.04 ~ q ~ 0.1; 
flatter distributions give 
lower birth rates 
very insensitive 
insensitive 
insensitive 
Mmaz 
NS 
(2.64M0) 
not relevant 
not relevant 
> 0.4 only 
for M;J'Sz > 1.95 M0 
not relevant 
to collapse to a black hole. Estimates of this fraction for a range of equations of 
state (Cook et al.1994), along with the observational limit (Table 1) demand that 
the equation of state be relatively stiff and the maximum baryonic mass for neutron 
stars exceed rv 1.9 M0 . 
4. 7 Conclusions 
On undertaking this study, we hoped that the population synthesis calculations de-
scribed here would identify some feature or features among observable parameters of 
LMXBs which might be unique artifacts of their primordial distribution and of the 
evolutionary pathways leading to the LMXB state. The analytic technique we have 
used to execute our synthesis calculations offers enormous advantages for this purpose 
over Monte Carlo approaches, as it is free of statistical noise, and can in principle 
yield arbitrarily high resolution in the distribution of final parameters (or of inter-
mediate parameters), should it be warranted, at minimal additional computational 
cost. Our initial hopes have been confounded by the realization that supernova kicks 
must play a pivotal role in the formation of LMXBs, one which severely limits our 
ability to probe their origins on the basis of their observed properties. We see three 
important conclusions emerging from this study: 
(1) In the absence of supernova kicks, no LMXBs are formed at short 
(Px ;:S; id) orbital periods. Stellar winds from the helium star component dur-
ing the post-common-envelope, pre-supernova phase are capable of removing enough 
mass to reduce many pre-supernova systems to less than twice the mass of the post-
supernova remnant (companion plus neutron star), a necessary condition for the bi-
nary condition to remain bound under instantaneous mass loss. However, short-period 
systems cannot then accommodate the much greater pre-supernova expansion of the 
low-mass helium star. Unless moderately large natal kicks are imparted to neutron 
stars (i.e., kicks averaging a substantial fraction of the relative orbital velocity of the 
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binary at the supernova stage), only sufficiently long-period systems survive, and then 
only if <Y.cE is large (<Y.cE > 0.6). These long-period systems all contain giant branch 
donors, and transfer mass at super-Eddington rates. 
This conclusion in fact applies not only to the evolutionary channel explored here, 
but to any putative formation channel in which the neutron star progenitor has a 
non-degenerate envelope. Stars with massive degenerate cores and hydrogen-rich en-
velopes, either in place of or in addition to helium envelopes, become red supergiants, 
and could leave only extremely long-period neutron star binaries. Only accretion-
induced collapse, in which the neutron star progenitor is virtually completely degen-
erate, could allow pre-SN systems close enough (and with little enough gravitational 
mass lost in the collapse) to produce short-period LMXBs in the absence of supernova 
kicks. However, whether accretion-induced collapse is a viable neutron star formation 
mechanism remains an unresolved issue: We are not aware of any plausible model 
which would feed accreted matter through a hydrogen-burning shell fast enough to 
stabilize helium burning (and thereby avoid mass loss during helium runaways) on a 
massive degenerate core; on the contrary, evolutionary models of luminous asymptotic 
giant branch stars invariably display thermally-pulsing helium shells (Iben & Renzini 
1983). 
(2) The characteristics of newborn LMXBs are almost entirely inde-
pendent of the history of their progenitors. The ranges in donor masses and 
orbital periods allowed to LMXBs are dictated by age and stability constraints at the 
onset of the mass transfer phase. The distribution of systems over these parameters 
is influenced primarily by the efficiency of magnetic braking, which separates short-
from long-period LMXBs. To a much smaller extent, it is also affected (i) by the aver-
age magnitude of the supernova kick, the effect being more evident when this average 
tends to very small values (i.e., disappearance of short-period LMXBs in the absence 
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of kicks); and (ii) by the common envelope efficiency, values of acE < 0.1 preclud-
ing LMXB formation altogether. Apart from these extreme circumstances, supernova 
kicks obliterate any memory of how binaries arrived at the supernova stage; the LMXB 
distribution carries virtually no information about their evolutionary history. As a 
result, alternative formation mechanisms are indistinguishable, except where an evo-
lutionary channel leads to pre-SN binaries dramatically different from those relevant 
to the present study, e.g., the direct-SN mechanism of Chapter 5 (Kalogera 1997). 
Common envelope evolution, which characterizes all other LMXB formation channels 
proposed to date, inevitably leads to similar distributions of short-period pre-SN bi-
naries, sharing as their most prominent feature a short-period cutoff dictated by the 
dimensions of donor and pre-SN components. 
(3) Except as upper limits, theoretical estimates of galactic LMXB 
birth rates are not credible. These estimates depend one-for-one on the birth 
frequency of primordial binaries with suitable initial properties (in our case, M 1 rv 
12 - 25 M0 , M2 rv 0.5 - 2 M0 , and P rv 2 - 5 yr (A rv 800 - 1800 R0 ). While 
details may vary somewhat, all LMXB formation channels (including those proceeding 
through accretion-induced collapse) appeal to a primordial population of massive 
stars (M1 ~ 10 M0 ) with low-mass companions (M2 ;:::;, 2 M0 ) in long-period orbits 
(P > 1 yr). The true frequency of such systems is observationally indeterminate, and 
constrained in the number density of low-mass companions a massive star may retain 
consistent with dynamical stability. In our case, we have pushed the binary frequency 
to this limit, and so treat our birth rate estimates as upper limits. We have found, 
moreover, that even variations among possible mass ratio distributions within the 
range of interest are probably obscured in their effect on LMXB properties by secular 
evolution in that state. 
Our conclusions regarding the role of supernova kicks in LMXB formation support 
and extend those reached independently by Terman, Taam & Savage (1996; hereafter 
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TTS96). In contrast, Iben, Tutukov & Yungel'son (1995; hereafter ITY95) found such 
kicks unnecessary. This difference appears to have its origin in several factors. One is 
the definition of common-envelope efficiency. That which we use is identical with that 
employed by TTS96; as previously noted by Han, Podsiadlowski & Eggleton (1995) 
and again by TTS96, the expression used by ITY95 understates the binding energy 
of the envelope by a factor of two or three, whereas detailed numerical simulations 
presented by Rasio & Livio (1996) are consistent with our expression (eq. [E.8]). 
ITY95 thus find wider post-common envelope systems, capable of accommodating 
the radial expansion of the helium star progenitors of neutron stars. Interestingly, in 
this regard, their models with assumed efficiency o:cE = 0.5, corresponding roughly to 
our o:cE = 1, produce no LMXBs with main sequence donors (see Table 1 in ITY95), 
in agreement with our results. A second major difference concerns the extent and 
consequences of wind mass loss from helium stars. In contrast to our models and 
to TTS96, ITY95 find significant contributions to the total LMXB birth rate from 
systems undergoing case B mass transfer, which leave post-common envelope core 
helium burning primaries. We find that the extensive mass loss suffered by helium 
stars during core helium burning (eq. [E.9]) greatly expands the range of initial helium 
star masses and separations for which Roche lobe overflow will abort evolution prior 
to core collapse (cf. Figure 4.2, eq. [E.10]), eliminating such stars as viable LMXB 
progenitors. 
A final word is on order regarding angular momentum loss rates due to mag-
netic braking. We have not explored the dependence of our results on variants of 
our adopted braking rate. Qualitatively, stronger braking will enable wider post-
supernova systems to form short-period LMXBs. For example, King & Kolb (1997) 
were able to produce short-period LMXBs with donors more massive than 1.3 M0 
without invoking kicks (these are not included by ITY95 or TTS96), because they 
assume a magnetic braking law stronger than ours by about an order of magnitude. 
113 
However, our interpretation of braking rates among single stars indicates that mag-
netic braking is strongly suppressed at masses this large (cf. eq. (4.9]). 
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Chapter 5 
A New Formation Mechanism: 
Direct Supernova* 
5.1 Introduction 
Since their discovery low-mass X-ray binaries (LMXBs) have been a puzzle for theories 
of close binary evolution. The existence of a low-mass star in a small orbit around 
a compact object (neutron star or black hole) appeared to require a quite intriguing 
explanation concerning the evolutionary path followed by the progenitors of these 
systems. The present orbits of LMXBs are too small to have accommodated the 
growth in size of the progenitors of the compact objects. In addition, the masses of 
the companions to the compact objects (donor stars) are so small that the survival 
probability through a supernova (SN) explosion is expected to be small. The small 
number of observed LMXBs ( rv 100, van Paradijs 1995) along with their relatively 
long lifetimes suggests that the evolutionary path responsible for their formation is a 
quite improbable one (Webbink 1992). 
Over the years, three formation mechanisms have been put forward in an effort to 
understand the existence of LMXBs. All of them invoke evolution through a common 
envelope (CE) phase (Paczynski 1976), during which the low-mass star spirals inward 
*Adapted with style changes from a manuscript with title "Formation of Low-Mass X-Ray 
Binaries. III. A New Formation Mechanism: Direct Supernova", by V. Kalogera, accepted for 
publication in The Astrophysical Journal. 
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through the extended envelope of the massive primary star, and the phase is termi-
nated upon ejection of the common envelope. This phase results in the reduction of 
both the mass of the progenitor of the compact object and the orbital separation. 
One of the three formation mechanisms involves the collapse into a neutron star of a 
massive white dwarf, accreting mass from a low-mass companion, in a small orbit (the 
outcome of an earlier CE phase). The collapse of a white dwarf into a neutron star in 
the context of formation of X-ray binaries was first proposed by Flannery & van den 
Heuvel (1975) and Canal & Schatzman (1976). A second mechanism, the He-star SN, 
involves a CE phase leaving a helium star in a small orbit with a low-mass compan-
ion. The helium star evolves to core collapse and undergoes a supernova explosion, 
forming a neutron star remnant (Sutantyo 1975; van den Heuvel 1983). The third 
evolutionary sequence invokes the formation of a Thorne-Zytkow object as the end 
product of a massive X-ray binary with a third component in a very wide orbit. This 
low-mass third star is engulfed in the envelope of the Thorne-Zytkow object. The 
ejection of the common envelope leaves the low-mass star in orbit with the neutron 
star (Eggleton & Verbunt 1986; however, see Fryer, Benz, & Herant 1996). 
Recent reassessments of pulsar kinematics have reinforced earlier suggestions that 
neutron stars are endowed at birth with large kick velocities, the apparent result 
of asymmetric core collapse. Studies of the radio pulsar population (e.g., Harrison, 
Lyne, & Anderson 1993; Lyne & Lorimer 1994) show that pulsars have space velocities 
much higher than those of their massive progenitors and that they extend to large 
distances away from the Galactic plane1. Using a new electron density model, they 
conclude from pulsar proper motions that the mean pulsar velocity is,...., 450±90 km/s, 
a result that appears to be corroborated by studies of pulsar-supernova remnant 
associations (Frail 1996; although see Hartman 1996; Ramachadran & Bhattacharya 
1 Recently, Iben & Tutukov (1995) have argued against the existence of kick velocities. However, 
they need to assume a binary fraction equal to unity, and even then their results are marginally 
consistent with early estimates of pulsar velocities (Harrison et al. 1993). 
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1997). Moreover, results of simulations of supernova explosions (e.g., Herant, Benz, 
& Colgate 1992; Janka & Muller 1994; Burrows, Hayes, & Fryxell 1995; Burrows & 
Hayes 1996) also support the idea that kick velocities are imparted to neutron stars 
at birth, although more detailed numerical calculations are needed to settle the issue. 
In this Chapter we explore the possibility that a simple evolutionary sequence can 
lead to the formation of LMXBs. The essence of the mechanism lies in the possibility 
that even if the orbits of the primordial binaries are so wide that the two stars do not 
interact and a common envelope is not formed, the systems remain bound and the 
orbital separations decrease after the supernova explosion due to a kick of appropriate 
magnitude and direction imparted to the neutron star at birth. 
The proposed evolutionary path is described in detail in the next section. The 
constraints and limits on the parameter space of the progenitors specific to this mech-
anism are identified in § 5.3. We have performed population synthesis calculations, the 
method and results of which are presented in § 5.4. A discussion of the implications 
and our conclusions are presented in § 5.5. 
5.2 Formation Mechanism 
Let us consider a primordial binary with an extreme mass ratio, in which the primary 
is massive enough to explode as a supernova and form a neutron star at the end of 
its evolution, and the secondary is a low-mass star (M2 ~ 2M0 ). 
During its evolution, the primary loses mass in a stellar wind and the orbital 
separation of the binary increases. If the initial orbit is wide enough, the primary 
never fills its Roche lobe, despite its growth in radius, and its evolution is terminated 
when it reaches the core collapse stage. Thus, the binary components do not interact 
in any way prior to the supernova explosion, except perhaps for some small (in our 
case, negligible because of the wide orbits considered) accretion by the secondary 
from the wind of the primary. 
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The mass loss during the collapse of the primary is so severe that the system 
would be disrupted if the explosion were symmetric. However, in the presence of a 
kick velocity imparted to the newborn neutron star, there is a finite probability that 
the post-SN system remains bound. The survival probability depends primarily on 
the magnitude and direction of the kick velocity and less on the amount of mass lost. 
Although the supernova explosion is the most crucial event in the evolution of an 
LMXB progenitor, keeping the post-SN system bound is not enough for an observable 
LMXB to be formed. The orbit after the explosion must be small enough so that the 
low mass star can fill its Roche lobe (i) in a time shorter than the Galactic disk age 
and (ii) before it reaches the end of its evolution and acquires its maximum radius. A 
kick velocity of the appropriate magnitude and direction can not only keep the post-
SN system from becoming unbound, but can also decrease the orbital separation. 
The subsequent decrease of the post-SN orbital separation due to a combination of 
(i) tidal dissipation and orbital circularization, and (ii) angular momentum losses 
(caused by gravitational radiation and the magnetic stellar wind of the secondary), 
aided by nuclear evolution of the secondary, eventually brings the system into contact. 
For the first time in the evolutionary history of the binary, the stellar components 
interact and the system may appear as a luminous X-ray source, depending on the 
characteristics of the mass transfer phase. We name this formation mechanism direct 
supernova, since the binary members do not experience any phase of interaction prior 
to the supernova explosion. 
5.3 Constraints on the Parameter Space of the 
Progenitors 
A primordial binary follows the evolutionary path described above and becomes a 
LMXB only if it satisfies a number of constraints. The simplicity of the formation 
mechanism results in a set of simple constraints, as well. 
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Figure 5.1: Minimum orbital separations of primordial binaries that follow the direct-
SN formation mechanism for two different companion masses: M2 = 1 M0 (solid line) 
and M 2 = 2 M0 (dotted line). 
There is only one constraint imposed on the characteristics of the binaries before 
the supernova explosion. The initial orbital separation of the system must be large 
enough so that the primary does not fill its Roche lobe before it reaches core collapse. 
Otherwise, unstable mass transfer is initiated and the system will evolve according 
to the He-star SN mechanism. 
We have used the evolutionary calculations presented by Schaller et al. (1992) for 
solar composition to fit the maximum radius acquired by a massive star undergoing 
wind mass loss, as a function of its initial mass (see Appendix E). Using this relation 
and the radius of the Roche lobe of the primary expressed in units of the orbital 
separation (Eggleton 1983), we can calculate the orbital separation of systems with 
their primaries just filling their Roche lobes at the time of their maximum extent. This 
separation represents a lower limit to the orbital size of those primordial binaries that 
will evolve according to the direct-SN mechanism. The limiting orbital separations 
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for 1 M0 and 2 M0 companions and for a range of primary masses are shown in Figure 
5.1. It is evident that the LMXB progenitors specific to the direct-SN mechanism have 
initial orbital separations and periods in excess of ,....., 600 - 2000 R0 and ,....., 1 - 5 yr, 
respectively. 
The fact that the pre-SN binary orbits are so wide, along with the large amounts 
of mass lost at supernovae, results into highly eccentric orbits immediately after the 
explosions. These orbits are similar to those of tidal capture binaries formed in dense 
stellar environments, as globular clusters. Recent detailed studies of the tidal capture 
process presented by Mardling (1995a,b) show that there is a region in the parameter 
space of eccentricity, e, and ratio of the periastron distance to the stellar radius, Rp/r *' 
where binaries exhibit chaotic behavior, with large changes in eccentricity, that may 
even lead to self-ionization. Binaries outside this region circularize only via dissipation 
of energy. During this long quiescent phase, the eccentricity varies quasiperiodically 
due to a quasiperiodic exchange of energy between the orbit and the tides, and a 
merger is avoided. To secure that the post-SN binaries formed via the direct-SN 
mechanism survive and eventually become circularized, their post-SN characteristics 
must be such that they populate the non-chaotic region of the Rp/r* - e parameter 
space. Indeed, we find that although the mean eccentricity of the binaries produced 
by our synthesis models is high, (e) = 0.93, the ratio of the periastron distance to the 
stellar radius also acquires high values, (Rp/r*) ~ 100. These values greatly exceed 
the limit on Rp/r*, below which chaotic behavior is possible (Rp/r* < 5; Mardling 
1995a). Tidal circularization of these binaries proceeds initially at a time scale much 
longer than the Hubble time, but by the time Roche-lobe filling occurs and mass 
transfer is initiated, the time scale has become extremely small and the orbits are 
most probably circular. 
The post-SN binaries at the onset of the mass-transfer phase must satisfy a set of 
structural and evolutionary constraints, which are independent of the specific LMXB 
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formation mechanism and must be satisfied by neutron star-normal star binaries if 
they are to appear as LMXBs. These constraints have been studied in Chapter 3 
(Kalogera & Webbink 1996a) and they concern (a) the age of the systems, which 
must not exceed the age of the Galactic disk, and (b) the ability of the donors to 
remain in hydrostatic and thermal equilibrium at the onset of mass transfer. Systems 
are further divided into two groups, those transferring mass at sub-Eddington rates 
(conservative mode) and those with donors driving mass transfer at super-Eddington 
rates (non-conservative mode). We note that the process of super-Eddington accretion 
is not well understood and it is possible that matter surrounding super-Eddington 
systems may quench the X-rays and that these systems do not appear as LMXBs. 
5 .4 Population Synthesis 
5.4.1 The Model 
We have performed population synthesis calculations for LMXBs forming according 
to the direct supernova mechanism, using the analytic method presented in Chapter 
4 (Kalogera & Webbink 1996b). We transform the distribution of primordial bina-
ries through the various evolutionary stages, i.e., wind mass-loss from the primary, 
supernova explosion of the primary imparting a kick velocity to the newborn neutron 
star, shrinkage of the orbit due to angular momentum ~osses, and nuclear evolution 
of the low-mass companion until Roche-lobe filling by the companion is achieved and 
the nascent LMXB is formed. In order to model the physical processes involved 
we have employed analytic approximations of results from evolutionary calculations, 
which are given in Chapters 3 and 4. We have assumed a Maxwellian distribution 
for the kick velocities; the method for incorporating their effects developed in Chap-
ter 2 (Kalogera 1996) has been used. We have made the same assumptions for the 
parent binary population as in the study of LMXB formation via the helium-star 
SN mechanism (Chapter 4), except for one modification appropriate to the specifics 
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of the direct-SN mechanism. These assumptions have been extensively discussed in 
Chapter 4. Here, we only summarize the key points and describe the modification 
applied. 
We assume that primordial binaries are characterized by three parameters: the 
primary mass, M1 , the mass ratio, q = M2 / M1 , where M2 is the mass of the sec-
ondary, and the orbital separation A. It is conceivable that a fourth parameter is 
the eccentricity of the orbits. For the wide systems of interest to us, the time scale 
for circularization (e.g., Zahn 1977, 1989) is initially much longer than the lifetime of 
the primary. However, we find that the direct-SN channel is primarily fed by binaries 
with orbital separations comparable (within a factor of less than two) to the limiting 
values for Roche lobe overflow at the time of maximum extent of the primary. For 
these binaries, as the massive star evolves to the giant branch the circularization time 
scale becomes shorter than about one hundredth of its main sequence lifetime, which 
is short enough for the orbits become circular prior to the supernova event. Moreover, 
for a scale-less distribution in orbital separations, as we will assume, the distribution 
of separations is not altered by the circularization process. Therefore, we may assume 
that all LMXB progenitors feeding the direct-SN formation channel are formed with 
circular orbits. 
For the primordial binary population, we adopt the same initial distributions as in 
Chapter 4 (eq. (4.4], (4.5]), except for the integral in the expression for the distribution 
of binaries over mass ratios and orbital separations, g(q, A). The difference arises from 
the fact that, in the direct-SN evolutionary channel, additional companions to the 
primary in inner stable orbits need not to be excluded, as in the case of the He-SN 
channel. The presence of such companions and their possible interaction with the 
primary does not affect the evolution of the binary under study, which follows the 
direct-SN channel as long as its orbit is wide enough. In fact, it is conceivable that 
when the neutron star forms there is more than one companion for it to remain in 
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Figure 5.2: Distributions of primordial binaries with primary mass M1 = 12 M0 and 
orbital separation A = 1500 ~ over mass ratios, q. The solid line corresponds to 
the distribution appropriate for the direct-SN channel and the dotted line to that 
appropriate for the helium-star SN channel. The corresponding secondary masses, 
M2 , are also shown. 
a bound orbit with, but we will not consider the evolution of multiple systems here. 
The distribution of primary binaries over mass ratio, q, and orbital separation, A, is 
then given by: 
0.075 ( 1A·(6.3)213 1 g(q, A) = -A 0.04q-2·7 exp - { 
A·(6.3)-2/3 j q 0.075 A'-
10.04 q'-2·1 dA' dq') . 
(5.1) 
The exponential term (Poisson probability) excludes from the distribution any com-
panions more massive than the secondary in dynamically unstable orbits (see also 
Chapter 4). A plot of both the above distribution and the one appropriate for 
the helium-star SN mechanism, for specified primary mass and orbital separation, 
is shown in Figure 5.2. Since the "exclusion zone" in orbital separation is narrower 
for the direct-SN channel the frequency of available progenitors is increased. 
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Figure 5.3: Distribution of binaries that transfer mass at both sub- and super-
Eddington rates over donor masses, Md, and orbital periods, Px, for (a) the direct-SN, 
and (b) the He-star SN ( acE = 0.3) formation mechanisms. 
5.4.2 Results 
The analytical method of our synthesis computations enables us to calculate the 
two-dimensional distribution, <l>p(logM2,logPx), of neutron star-normal star bina-
ries over donor masses, M2 , and orbital periods, Px, at the onset of the mass transfer 
phase. The distribution of systems with donors in hydrostatic and thermal equilib-
rium, initiating mass transfer in less than 1010 yr and transferring mass at both sub-
and super-Eddington rates is shown in Figure 5.3a. We have chosen an intermediate 
value of the r.m.s. kick velocity, < Vk2 >112 , equal to 300 km/s. In Figure 5.3b the 
distribution of the corresponding group of binaries having formed via the helium-star 
SN mechanism is also shown (taken from Paper II), for < Vic2 >112= 300km/s and 
acE = 0.3 (consistent with the reference model studied in Chapter 4), where acE is 
the common envelope efficiency. 
The qualitative characteristics of both distributions in Figures 5.3a and 5.3b bear 
many similarities, which are primarily dictated by physical processes, such as angular 
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Figure 5.4: Distribution of binaries transferring mass at both sub- and super-
Eddington rates over orbital periods, Px, for the direct-SN (solid line) and the He-star 
SN (dotted line, acE = 0.3) mechanisms. The predicted birth rates are 6 x 10-s yr-1 
and 3 x 10-6 yr-1, respectively. 
momentum losses and nuclear evolution of the low mass star, common to both for-
mation mechanisms. As we have also discussed in Chapter 4, the evolution of short 
period binaries is dominated by angular momentum losses due to a magnetic stellar 
wind from the donor and they populate a narrow range of orbital periods forming a 
prominent "ridge" along the zero age main sequence. As the orbital period increases 
magnetic braking becomes less effective and a "valley" is created at Px ,.._, 1 d. At 
longer periods, it is the expansion of the donors due to nuclear evolution that is re-
sponsible for Roche-lobe overflow. These systems with evolved donors populate the 
"hump" in the distributions at long periods and masses from ,..., 1 to ,..., 1.5 M0 . We 
note that these systems initially drive mass transfer at super-Eddington rates (see 
Chapter 3). 
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By integrating <I> p(log M 2 , log Px) over log M 2 we obtain the distributions of sys-
tems over orbital periods, shown in Figure 5.4 for both the direct-SN and the He-star 
SN mechanisms. The origin of the peaks at short orbital periods is related not only 
to the effect of magnetic braking but also to the flattening of the radius-mass relation 
along the zero-age main sequence. The plateau that appears as soon as magnetic 
braking becomes efficient, between 3h to 5h, is related to the increased incidence of 
primordial binaries with very low-mass companions relative to those for the He-star 
SN formation mechanism (see Figure 5.2). Systems with evolved donors formed via 
the He-star supernova peak at orbital periods of rv 2d, whereas for the direct-SN mech-
anism systems with much longer periods are favored. This is the result of the obvious 
difference in orbital separation of the pre-SN binaries in the two mechanisms: systems 
following the direct-SN evolutionary channel are much wider (AJ?r~'.:!sN rv 1000 R0 ) 
than those following the He-star SN channel (AJ?r~'.:!sN rv 10 R0 ), which experienced 
dramatic orbital shrinkage occurring during the common envelope phase. 
Apart from the comparison of the qualitative characteristics of nascent LMXBs, it 
is also important to compare the results quantitatively based on the birth rates of the 
two evolutionary sequences. Although the absolute birth rates strongly depend on the 
assumptions regarding the essentially unknown properties of the primordial binary 
population, and are relatively insensitive to the evolutionary stages involved in each 
channel, the relative birth rates are quite useful in determining the efficiency of the 
mechanisms in LMXB formation. In addition, the fact that both mechanisms have 
been modeled under the same set of assumptions renders the comparison meaningful. 
For our typical cases of< Vk2 >112= 300 km/s and o:cE = 0.3, the birth rates of sub-
and super-Eddington systems together are 6 x 10-8 yc1 and 3 x 10-6 yc1 for the 
direct-SN and the He-star SN mechanisms, respectively. 
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Figure 5.5: Predicted birth rates as a function of r.m.s. kick velocity, < Vk2 > 112 , for 
both sub- and super-Eddington systems (filled circles) and for sub-Eddington systems 
only (open circles). 
5.5 Discussion 
In the direct-SN formation mechanism proposed here, there is only one free parameter, 
besides the assumed parent population, namely the r.m.s. kick velocity, < Vk2 > 112 . 
We have performed synthesis calculations for a wide range of values of < Vk2 > 112 
from 10 km/sup to 500 km/s. The predicted birth rates show a strong dependence on 
the kick velocity (Figure 5.5); they span a range from rv 10-8 yr-1 to rv 10-6 yc1 for 
the total population, and from rv 10-9 yc1 to rv 10-1 yr-1 for systems transferring 
mass at sub-Eddington rates only. The masses of the neutron star progenitors are 
such that all the pre-SN binaries would be disrupted in the case of a symmetric 
explosion. However, the survival probability through an asymmetric supernova peaks 
when < Vk2 >112 is comparable to the average relative orbital velocity, < Vr >,of the 
stars in the pre-SN binaries (Chapter 2; Kalogera 1996). For the progenitors specific 
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Figure 5.6: Ratio of the direct-SN birth rate to the He-star SN (for acE = 0.3) 
birth rate as a function of r.m.s. kick velocity, < Vk2 >112 , for both sub- and super-
Eddington systems (filled circles) and for sub-Eddington systems only (open circles). 
For smaller common-envelope efficiencies, acE, the ratios are higher. 
to the direct-SN mechanism we find that < v;. >:::::: 37 km s-1 and indeed the predicted 
birth rate peaks at < V,_2 >112 :::::: 50 km/s (see Figure 5.5). 
We can estimate the efficiency of the direct-SN mechanism relative to that in-
volving a He-star SN by comparing the corresponding birth rates. Their ratio as a 
function of < Vk2 >112 is shown in Figure 5.6. For r.m.s. kick velocities exceeding 
rv 300 km/s the direct-SN channel appears to be responsible for a few per cent of 
the LMXB population. For smaller kick velocities, the direct-SN mechanism con-
tributes a growing share of the total population, with the birth rate ratio exceed-
ing 0.5 for < l;k2 >112rv 100 km/s for both sub- and super-Eddington systems. In 
the case of the sub-Eddington systems the direct-SN channel in fact dominates for 
< Vk2 >112 ~50 km s-1 because of the inefficiency of the He-star SN channel in pro-
ducing short-period systems when kick velocities are small (Chapter 4). We note 
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that for more efficient common envelope ejection (e.g., for acE = 1), the direct-SN 
to He-SN birth rate ratio decreases by a factor of 2 at high kick velocities and by 
about 4 at< Vk2 > 112= lOOkms-1. It is evident that for the current estimates of 
< Vk2 >112 the direct-SN mechanism accounts for a small but non-negligible fraction 
of the total LMXB observed population. However, recent studies of the radio pulsar 
population (Hartman 1996) and of the galactic distribution of LMXBs (Ramachadran 
& Bhattacharya 1997) provide evidence that the fraction of low velocity pulsars may 
be higher than that implied by Lyne & Lorimer (1994). Such an excess of low kick 
velocities greatly enhances the importance of the direct-SN formation mechanism. 
Using our synthesis models, we can calculate the typical orbital parameters of the 
progenitors of LMXBs produced by the evolutionary channel studied here. For the 
primordial binaries, the mean primary and secondary masses are 10 M0 and 1.2 M0 , 
respectively, and the mean orbital separation is 1900 R0 . The mean relative orbital 
velocity just prior to the supernova explosion is 37 km s-1 . These values, along with 
the two limits imposed on systemic velocities of post-SN binaries (Chapter 2 and 
Kalogera 1996), result in recoil velocities for these systems in the range 20-50 km s-1 , 
which are significantly lower than those of LMXBs formed via the He-star SN mecha-
nism (,:GlOOkms-1; see Chapter 4 or Kalogera & Webbink 1996b). These low systemic 
velocities also indicate that LMXBs produced via the direct-SN channel in globular 
clusters can remain bound to the clusters, contrary to the ones produced by the He-
star SN channel, provided that their wide progenitors survive in such a dense stellar 
environment. 
For the synthesis calculations presented here, we have assumed that the kick veloc-
ities follow a Maxwellian distribution. As discussed above, survival after the explosion 
is favored only if the kick velocity has magnitude comparable and direction opposite 
to that of the relative orbital velocity of the pre-SN system. Comparison between the 
mean orbital parameters of the progenitors and the lower limits imposed on them (see 
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Figure 5.1) indicates that the orbital separation of systems that eventually become 
LMXBs is restricted in a very narrow range (factor of rv 2 from the mean value). 
Consequently their systemic velocities are also concentrated in a narrow range (fac-
tor of rv 1.4 from the mean value), and therefore kick velocities that favor survival 
have magnitudes between rv 25 and rv 50 km s-1 . This range of velocities is so narrow 
that our results become insensitive to the shape of the velocity distribution and de-
pend merely on the relative fraction of velocities with magnitude in the appropriate 
range. The observed distribution of pulsar velocities (Lyne & Lorimer 1994) cannot 
distinguish between a Maxwellian kick distribution and a distribution that is fiat up 
to the average velocity and has a smooth cutoff (remark made by an anonymous 
referee). Using a simple estimate of the relative fraction of kick velocities within the 
appropriate range of values, we expect that for a fiat distribution the birth rate of 
LMXBs will be increased by a factor of rv 10 compared to the birth rate calculated 
when a Maxwellian distribution is assumed with (l;k2) 112 = 300 km s-1 . 
Apart from the connection of the new formation mechanism to LMXB production, 
it is also relevant to the formation of low-mass binary pulsars in circular orbits, and 
in particular to those with orbital periods in excess of rv lOOd (such as B0820+02, 
B1800-27, and B1953+29; see van den Heuvel 1995). These long-period systems 
could not have been formed via the He-star SN mechanism: an upper limit to the 
orbital periods of the progenitors is imposed by the requirement that the primaries fill 
their Roche lobes prior to the supernova explosion, as translated through a common 
envelope phase. The radical reduction in binary separation during common envelope 
evolution results in an upper limit on the orbital periods of LMXBs with evolved 
donors of rv 30d. Such a low upper limit cannot explain the existence of low mass 
binary pulsars with orbital periods up to rv 1200d, even if one takes into account 
the subsequent evolution of these systems through exhaustion of the envelope of the 
giant donor (e.g., Verbunt 1993). On the other hand, no upper limit is imposed 
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on the orbital periods of LMXB progenitors following the direct-SN channel. The 
maximum orbital period of these LMXBs is limited only by the maximum possible 
extent of evolved stars with masses of rv 1 M0 to rv 1.5 M0 , and therefore orbital 
periods of rv lOOOd. In the case of (Vk2 ) 112 = lOOkm/s, the predicted birth rate 
of LMXBs with orbital periods in excess of 30d formed via the direct-SN channel 
matches the observed fraction (2-3/15; van den Heuvel 1995) of the long-period binary 
millisecond pulsars, and for higher average kick velocities the birth rate lies within a 
factor of about four. from their observed incidence. Therefore, the secular evolution 
of these long-period LMXBs produced via the direct-SN channel appears to be a 
promising formation mechanism of long-period low mass binary pulsars in circular 
orbits, whose progenitors are absent from the LMXB population produced by the 
He-star SN mechanism. 
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Appendix A 
List of Symbols Used in Chapter 2 
The symbols of the most important physical parameters are: 
M1: mass of the exploding star, 
M2: mass of the companion to the exploding star and to the neutron star, 
MNs: mass of the neutron star, 
R2: radius of the companion to the neutron star, 
a: ratio of the post-SN orbital separation to the pre-SN separation, 
e: eccentricity of the post-SN orbit, 
0: angle between the pre-SN and post-SN orbital planes, 
{3: ratio of the total mass after the explosion to that before, 
~: ratio of the standard deviation of the kick velocity distribution to the relative 
orbital velocity before the explosion, 
c: ratio of the radius of the companion star to the pre-SN orbital separation, 
ac: ratio of the circularized orbital separation to that before the explosion, 
E: ratio of the post-SN binding energy to that of a system consisting of the neutron 
star and the companion star in an orbit with the pre-SN orbital separation, 
Vsys: ratio of the systemic post-SN velocity to the pre-SN relative orbital velocity. 
The symbols of the various distribution functions over dimensionless orbital pa-
rameters, and respective equations, in which the corresponding expressions are given, 
are: 
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g(a, e, cos 0): distribution function of post-SN orbital separations, eccentricities, and 
cosine of the angles between pre- and post-SN orbital planes; equation (2.13), 
G(a, e): distribution function of post-SN orbital separations and eccentricities; equa-
tion (2.14), 
.'.l(e): distribution function of post-SN eccentricities for~» 1; equation (2.18), 
Q(a): distribution function of post-SN orbital separations for~>> 1; equation (2.19), 
H(ac, c): distribution function of circularized orbital separations and post-SN binding 
energies; equation (2.23), 
1l(ac): distribution function of circularized orbital separations; equation (2.28), 
s(a, e, V5y5 ): distribution function of post-SN orbital separations, eccentricities, and 
systemic velocities; equation (2.37), 
f(ac, E, Vsys): distribution function of circularized orbital separations, post-SN binding 
energies, and systemic velocities; equation (2.38). 
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Appendix B 
The Effect of an Impulse Velocity 
due to Supernova Ejecta 
According to the numerical calculations performed by Fryxell & Arnett (1981), ap-
proximately half of the momentum carried by the ejecta intersecting the companion 
is transferred to it. If EsN is the kinetic energy of the ejecta and Vimp is the velocity 
imparted to the companion of mass M2 , then: 
(B.1) 
where R2 is the radius of the companion. 
We assume that the impulse velocity, Vimp, is given to the companion in a direction 
along the line connecting the two stars, pointing away from the neutron star. In the 
reference frame shown in Figure 2.1, the velocity of the neutron star relative to that of 
the companion immediately after the explosion is then: V' = (Vkx+ Vimp' Viy+ Yr, Viz). 
Following the same procedure as that described in § 2.2, we calculate the distribution 
of circularized orbital separations: 
where 
rz+ ( z2 ) lz_ exp - 2~2 dz = ~~ [erf (t~)-erf (t~)], 
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c 
0 
13 
~ 
-
.25 
.2 
.15 
.1 
.05 
0 .5 1 
<Vk
2>112=450 kms-1 
Mi=4 Me 
M2=1 M0 
1.5 2 
log( A;./~ ) 
Figure B.1: Fraction of systems that survive the supernova event as a function of pre-
SN orbital separation with (dotted line) and without (solid line) an impulse velocity 
imparted to the secondary. 
J ( 2c- ac) Vimp ±/3 2 - ac - c2 , 
Vimp ± J /3(2 - ac), if 
2c 
if -- < ac < 2c 
l+c 
2c < ac < 2 
and Vimp = Vimp/v;., v;. being the relative orbital velocity of the pre-SN binary. 
(B.3) 
Integrating the above distribution over ac, we find the survival probability when 
the impulse velocity is taken into account. In Figure B.l we plot the survival proba-
bility as a function of the pre-SN orbital separation, Ai, with and without the effect of 
the impulse velocity, for the specific choice of M1 = 4 M0 , M2 = 1 M0 (typical of an 
LMXB progenitor), and< VJ.2 >112= 450kms-1. It is clear that the survival fraction 
decreases due to the impulse being imparted to the companion only when the orbital 
separation is very small, Ai ;S 3 R0 . This separation is smaller than typical values of 
the pre-SN orbital separations of progenitors of X-ray binaries or double neutron star 
systems. 
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Appendix C 
Distributions of post-SN 
characteristics for special kick 
directions 
C.1 Vkx = O 
Following the same procedure as in the general case described in § 2.2.1, we trans-
form the two dimensional distribution of kicks Pyz(vky,Vkz) into g'(e,cosO), and then 
integrate over cos 0. The eccentricity is given by: 
e = ± [ ( Vky + ~2 + v~z - 1] , (C.l) 
where the plus sign corresponds to a(l - e) = 1, the minus sign to a(l + e) = 1, and 
cos 0 is still given by equation (2.11). The form of the integral of g'(e, cos 0) over cos 0 
is the same as in the general case, so we obtain: 
where: 
.:T~(e) 
.:T'(e) = .:T~(e) + .:T~(e), 
~2 exp [- 2~2 (1 + ,8(1 ± e))] I 0 (ze), 
{,8(1 ± e)]1f2 
~2 
(C.2) 
(C.3) 
The plus sign again corresponds to Ai being the periastron distance, and the minus 
sign to Ai being the apastron distance, in the post-SN orbit. The corresponding 
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distribution over a is: 
Q' ( O:') 1 (3 [ 1 ( 20:' - 1 ) l 2f,2 0:'2 exp - 2f,2 1 + (3 O:' 
[f3(2a - 1))/a]112 
f,2 (C.4) 
C.2 
In this case it is cos() = ±1 ( eq. [2.11]), that is, the post-SN orbital plane is either 
the same as the pre-SN one (() = 0), or it has been rotated by an angle () = 7r, 
and the stars orbit in a retrograde sense after the explosion. We transform the 
two-dimensional distribution of kicks Pxy( Vkx, Vky) into a distribution of dimensionless 
orbital separations and systemic velocities, s'(a, Vsys)· Using equations (2.9), (2.10), 
and (2.35) we obtain the expressions relating the four variables: 
20:' - 1 (3 ( 20:' - 1 ) 2 (3 - - v2 - fl;1 - fl;2---0:' K~ sys O:' (C.5) 
[1 ± _0) (v2 - K1 - K2 20:' - l)] 2 K3 sys O:' (C.6) 
where the plus sign corresponds to cos() = -1 and the minus sign to cos() = 1. We 
calculate the necessary Jacobian and find: 
8
1(0:', Vsys) = S~(a, Vsys) + s~(a, Vsys), (C.7) 
where: 
s:r ( O:', Vsys) 
(C.8) 
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Appendix D 
Analytic Expressions for Stellar 
Parameters 
A set of analytic approximations have been employed in the calculation of the limiting 
curves on the parameter space of nascent-LMXB donors. The stellar models used in 
all cases assumed solar composition. The units used throughout are: masses in M0 ; 
radii and orbital separations in R0 ; time in yr. Natural logarithms are written as 
"In", decimal logarithms as "log", and the arguments of trigonometric functions are 
in radians. 
We have used stellar models by Schaller et al. (1992), Eggleton (unpublished) and 
Webbink (unpublished) to approximate the stellar radius of the donor as a function 
of donor mass Md on the zero-age main sequence (ZAMS): 
RzAMS 10-lSz1 + 10-lSz2 ( )
-1/15 
log Md 2: -0.0909 
- 0.0909 >log Md 2: -0.1974 
- 0.1974 >log Md 2: -1.05 (D.l) 
where 
z1 - 2.359(1ogMd) 2 + l.195(1ogMd) - 6.864 x 10-2 
z2 0.547(1og Md) + 4.421 x 10-2 
Z3 - -29.l 7(1og Md) 2 - 24.08(1og Md) + 0.68 
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z4 -5.83(log Md) 2 - 6.58(log Md) - 0.33 
Z5 -0.126 + 0.715(1og Md)+ O.Ol6Md12 sin(8(1og Md)+ 2.4) (D.2) 
on the terminal main sequence (TMS): 
RrMs = 10-1st1 + 10-1st2 ( )
-1/15 
1.4 2:: log Md 2:: -0.2 (D.3) 
where 
t1 2.824(1og Md) 2 + l.325(1og M) + 0.115 
0.112(1og Md) 2 + 0.467(1og M) + 0.357 
and at the base of the giant branch (BGB): 
where 
Rsas = ( 10-4b1 + 10-4b2 )-1/4 20.0 2:: Md 2:: 0.8 
b1 l.208(1og Md) 2 + l.207(1og M) + 0.242 
b2 - l.112(log Md) 2 - 0.235(1og M) + 1.343 
(D.4) 
(D.5) 
(D.6) 
Stellar models by Horn, Kriz, & Plavec (1970), Hjellming (1989) and Webbink 
(unpublished) have been used to approximate the thermal equilibrium radius Rth of 
a mass-losing main sequence star as a function of present mass M~, initial mass Md, 
and central hydrogen fraction Xe. For masses M~ close to the initial one Md and for 
Md ;S 5 M0 the thermal equilibrium radius can be approximated by: 
R,, (~:) M,(X,(1-X,)-0.25] 
Xe :S 0.5 
Xe> 0.5, (D.7) 
where R0 is the radius of a star with mass equal to M~, which has evolved at constant 
mass away from the ZAMS and its central hydrogen fraction is Xe. 
This radius is calculated under the assumptions that: (i) the hydrogen fraction 
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Xe varies parabolically with time: 
Xe = - 0.427 (-t-) 2 - 0.273 (-t-) + 0. 7, 
tMs tMs 
(D.8) 
where tMs is the main sequence lifetime, and (ii) the stellar radius R at any time is 
given by: 
( 
t )-0.28 
R = RzAMS l- -
tev 
(D.9) 
where 
log tev = 0.894(1og Md) 2 - 3.601 log Md + 10.111 (D.10) 
The main sequence lifetime tMs is defined implicitly by equating equations (D.3) and 
(D.9) and solving fort. The behavior of Rth changes beyond an inflection point which 
occurs at locations (log Mipi log ~p) defined by the crossing point between equation 
(D.7) and: 
0.015 
log ~P = 0.8 log Mip - log Mip _ 0_09 + 0.55 
Beyond this inflection point Rth becomes: 
log Rth = log ~P + 0.95(1og M~ - log Mip) 
(D.11) 
(D.12) 
For even smaller masses (M~ ~ 0.8 M0 ) the behavior of Rth changes again, but this 
change occurs at masses which are out of the range of interest to us. 
Using calculations presented by Hjellming (1989) we have approximated the criti-
cal gainer mass M:/cG for donor thermal stability in the Hertzsprung gap as a function 
of the donor mass Md (Md~ 2 M 0 ) and a normalized variable fHa, which describes 
the position of the star in the Hertzsprung gap: 
where 
Mf/c0 = [((-9.5Md + ll.875)fHa + (9.4626Md - 10.8)f20 + 
-20]-1/20 ( ( -3.8Md + 14)f~0 + (3.3Md - 3)) , 
log R - log RrMs 
logRBGB - logRTMS. 
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(D.13) 
(D.14) 
Similarly, the critical gainer mass Mffc,8 for dynamical stability of the donor on its 
giant branch for Md ~ 2 M0 can be approximated by: 
where 
a 
b 
f cs 
Mffc,8 = (l.55Md - 0.28) [1 - exp ( f :B + b)] , 
-0.245Md + 0.46 
0.08025 
-2.84Md + 1.86 
-2.52MJ + 9.26Md - 9.325 
log R - log RscB 
logRscs 
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(D.15) 
Md> 1.55 
(D.16) 
Appendix E 
Analytic Approximations Used 
the Models 
• Ill 
Following are the basic analytic relationships employed in our population synthesis 
models for the formation of LMXBs. They are grouped in roughly the sequence in 
which they enter consideration along the evolutionary path from primordial binary 
to ZALMXB. References identify the sources of the relationships used here, or (for 
stellar models) the detailed calculations which we here analytically approximate. The 
stellar models in each case assumed solar composition. The units used throughout 
are: masses (M) in M0 ; radii (R) and orbital separations (A) in ~; orbital periods 
( P) in days; orbital angular frequencies ( w) in Hz; and evolutionary times ( t) in 
years. Natural logarithms are written "In", decimal logarithms "log", and arguments 
of trigonometric functions are in radians. 
Massive stars (Schaller et al. 1992; Woosley & Weaver 1986): 
Total stellar mass, reduced by stellar wind losses, of a star at core helium ignition, 
M 1,i, and at core helium exhaustion M 1,e, as a function of its initial mass, 10 M0 < 
log Mi,i = 0.9454 log Mi,o + 0.0533 (E.1) 
log Mi,e 0.81 log Mi,o + 0.174 
- ~ [(0.81log Mi,o + 0.174)(1 - sin</.>)+ 
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0.9095(1 +sin</>)] 
where</>= lO(logM1,o - log(20) - 7r/20). 
Mass of the helium core, MHe, produced by a star of initial mass M1,0 before 
central He ignition: 
log MHe = 1.589 log M1,o - 1.393. (E.3) 
If the massive star evolves through the core He burning phase, the He-core mass grows 
in mass by ~1.1 M0 because of shell-hydrogen burning. The helium core is subse-
quently exposed by common envelope evolution, becoming the primary component 
mass in the next evolutionary phase. 
Radii of stars at core helium ignition, R1,i, at core helium exhaustion, R1,e, and 
at core collapse, R1,sN: 
logR1,i 1.0785 log M1,o + 1.5123 
1 . 
2[(1.0785logM1,o+1.5123)(1- sm</>)+ 
(1.053 log Mi,o + 1.111)(1 +sin</>)] 
where </> = 15(1og M1,0 - log(20) - 7r /30), 
log R1,e 1.5745 log M1,o + 0.97125 Mi,o s; 20 M0 
~ [(1.5745 log M1,o + 0.97125)(1 - sin</>)+ 
0.74(1 +sin</>)] 20 M0 < M1,0 < 40 M0 (E.5) 
where </> = 12(1og M1,0 - log(20) - 7r /24), 
logR1,sN 1.148 log Mi,o + 1.5888 Mi,o s; 20 M0 
~ [(l.148logM1,o + 1.5888)(1- sin</>)+ 
0.65(1 +sin</>)] 20 M0 < Mi,o < 40 M0 (E.6) 
where </> = 12(log M1,0 - log(20) - 7r /24). 
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Roche geometry (Eggleton 1983): 
Dimensionless radius of the Roche lobe of component 1 (rL1 _ RLi/A) as a func-
tion of binary mass ratio (q1 = Mi/M2): 
0.49qi13 
rL = --------
1 0.6qi13 + ln(l + qi13 ). (E.7) 
Component indices are interchangeable in this expression. 
Common envelope evolution (Webbink 1984): 
Ratio of post-common envelope binary separation, A 1, to pre-common envelope 
separation, Ai: 
A1 acErL1 (M2) ( MHe ) 
Ai = 2 M1 (M1 - MHe) + ~acErL1 M2 . (E.8) 
Helium stars (Habets 1985; Woosley, Langer, & Weaver 1995): 
Helium stars experience mass loss in a wind and their masses can decrease signif-
icantly during the central-He burning phase. The final mass of a helium star, MHe,f, 
at supernova as a function of its mass, MHe at core helium ignition is approximated 
by: 
M - 3 64 - 6 42 [ (MHe - 3.43)0.33] He,f - . . exp 0.55 (E.9) 
If the helium star is exposed after central He exhaustion then it is not affected by 
mass loss and its mass at supernova is equal to its mass at the end of the time of its 
exposure. 
Radius of helium star at supernova, RHe.J: 
3.0965 - 2.013 log MHe,f 
0.0557 [(logMHe,f - 0.172)-2·5] 
Angular momentum loss: 
MHe,f > 2.5 M0 (E.10) 
Loss rate from gravitational radiation for a circular orbit (Landau & Lifshitz 1951): 
· 32 G ( MNsM2 ) 2 4 5 
JaR= -5 c5 MNs+M2 A w' (E.11) 
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where G is the gravitational constant, c is the speed of light, and w is the orbital 
frequence. We neglect the enhancement of gravitational radiation losses in eccentric 
orbits (Peters & Mathews 1963). The above equation can be integrated over a time 
interval b.t required for a circular orbit to decay from orbital period Pi to P1: 
(E.12) 
where 
(l )-1/3 Ms/3 q + q NS -1 d 8/3 
3.75 x 1011 yr ay 
M2 q 
MNs 
Loss rate from the magnetic stellar wind of a synchronously-rotating secondary 
(cf. Rappaport, Verbunt, & Joss 1983): 
(E.13) 
where jMB is in cgs units (dynecms-1 ) and b(M2 ) is the magnetic braking efficiency 
(eq. [9]), which becomes equal to zero for fully convective stars (M2 ~ 0.37M0 ). For 
stars with radiative cores (M2 > 0.37 M0 ), we neglect the evolutionary expansion 
of the secondary with time and find that during a time interval b.t a circular orbit 
decays from orbital period Pi to P1: 
where 
b(M) q2 (1 + q)l/3 Mjjl r-1 da 10/3 
2 5. 78 x 109 y y ' 
AMB 
a 
AaR 
Low-mass stars: 
Radii at ZAMS, terminal main sequence, and at the base of the giant branch, 
along with the time evolution of the stellar radius have been given in Appendix D. 
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